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Starting from first principles of the statistical mechanics we con-
struct a dynamics of the condensed Bose gas at the nonzero
temperatures. In particular, we derive an equation of motion for
the condensate wavefunction and a quantum kinetic equation for
the distribution function for the excited atoms. Obtained gener-
alized Gross-Pitaevskii equation for condensate include effect of
collisions with thermal cloud atoms (non-condensate). The Boltz-
mann quantum kinetic equation for non-condensate was obtained
using Zubarev’s method of nonequilibrium statistical operator.
Therefore was obtained a complete dynamics of the condensed
Bose gas at the nonzero temperatures.

1. Introduction

Bose-Einstein condensation (BEC) — one of the most
interesting phenomena foreseen by quantum statistical
mechanics. It is unique, because to be the exclusively
quantum-statistical phase transmission and may occur
without interaction between atoms. In the 1995 was got
BEC “in a clean kind” in the trapped dilute ultracold
clouds of alkaline metals [1-3].

Creation of the microscopic theory that described dy-
namics of condensed Bose gas is very important problem.
The foundation of theoretical description such quantum
degenerate systems with spontaneous broken symmetry
were laid by Bogolyubov in the paper about weakly-
nonideal Bose gas [4]. A central place in his theory occu-
pies idea about separation of the condensate. To differ-
ence from Bogolyubov’s model of weakly-nonideal Bose
gas, the atomic Bose condensate is spatial inhomoge-
neous. At the temperatures close to zero (0 — 0.4 Tgpc),
when almost all atoms being in condensate, the dynam-
ics of atomic Bose condensate is describing by nonlin-
ear equation for condensate wave function — Gross-
Pitaevskii (GP) equation. In this temperature region
GP equation very precise describe the experimental date
with condensate (condensate oscillation, interferences of
condensates etc). At higher temperatures, when an ap-
preciable fraction of atoms is excited out of the conden-
sate, the dynamics of the trapped gas becomes much
more complicated since it now involves the coupled mo-
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tion of the condensate and the non-condensate degrees of
freedom. Thus description of the atomic Bose condensate
at the nonzero temperatures in terms of GP equation is
inadequate.

In this paper, from the first principles, we obtain gen-
eralized GP equation, which include the non-condensate
degrees of freedom. This equation isn’t closed, be-
cause dynamics of the non-condensate atoms is indefi-
nite. For description of the non-condensate atoms, using
Zubarev’s method of nonequilibrium statistical operator
(NSO), we derived Boltzmann quantum kinetic equa-
tion for the distribution function for the excited atoms.
Therefore we obtain complete dynamics of the condensed
Bose gas at the nonzero temperatures.

2. Dynamics of the condensed Bose gas at
nonzero temperatures

At very low temperatures, the dynamics of a trapped
Bose gas is described by the time-dependent Gross-
Pitaevskii (GP) equation [5] for the macroscopic wave
function ®(r,t) associated with the Bose condensate.

In terms of Bose quantum field operators, the many-
body Hamiltonian describing interacting Bosons con-
fined by an external potential Ueyx(7) is given by

i = [aror @) (~T + Uoal) 0109+
1 S N Ay + —y
by [dVE - e e )

In a dilute and cold gas, one can nevertheless obtain
a proper expression for the interaction term by observing
that, in this case, only binary collisions at low energy are
relevant and these collisions are characterized by a single
parameter, the s-wave scattering length, independently
of the details of the two-body potential. This allows one
to replace V(7 — ) with an effective interaction

V(i — i) = go(F — ),
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where the coupling constant g is related to the scattering
length a of the true potential through

drh’a
g = .
m

The time-dependent Gross-Pitaevskii equation has
next form:

oD(F,t) (_ h2v?

ih
! ot 2m

V() + gnc) o). (2)

Here n(7,t) = |®(F,t)|* is density of atoms in the con-
densate.

The GP equation describes the motion of the conden-
sate moving in the dynamic Hartree mean-field produced
by the other atoms in the condensate and gives a closed
equation for the order parameter ®(7,t).

The GP equation (2) provides a very accurate de-
scription of the static and dynamic properties of a
trapped Bose gas at low temperatures T' < 0.4T5gc, as
confirmed by many experiments in the last few years [5].
In superfluid *He, the non-condensate fraction at T = 0
is close to 90%. Thus in superfluid “He, one always has
to deal with both the condensate and non-condensate
atoms. Clearly a closed GP equation for ®(7,t) is never
valid in superfluid *He.

At higher temperatures (say 7' > 0.4Tggc), when an
appreciable fraction of atoms is excited out of the con-
densate, the dynamics of the trapped gas becomes much
more complicated since it now involves the coupled mo-
tion of the condensate and the non-condensate degrees
of freedom.

To finding generalized GP equation we start with the
usual Heisenberg equation of motion for the quantum
field operator with the many-body Hamiltonian (1):

= 2v72
in Y (h v Uext(r)) (7 1)+

ot 2m

g (7, £) (7, 0)(7, 1).

Introducing the usual definition of the non-
condensate field operator (7, t) according to

(7, t) = B(F ) + (7 ),
thus yields

oD(F,t) (_ Ve

ih T

oy + Uext (T) + gne (7, t) + 297 (7, t))x

X (7, ) + gin(7, 1) 2" (7, t) + g (™ (F, ) (7, )9 (7, 1)), (3)

2

where (7, t) = <’l/~}+(’l7, )(F, t)> is the non-equilibrium

non-condensate density, m(r,t) = <z/~J(F, )1(F, t)>

Equation (3) reduces to the GP equation (2) if all the
atoms are in the condensate (i.e., 7 = 0) and the anoma-
lous correlations (m and (¢ (7, ¢)¢(7, ) (7, t))) are ig-
nored. This is a very good approximation for 7' < Tgg;
at T = 0, the non-condensate fraction in trapped atomic
gases is estimated to be less than 1% [6].

To derivation of quantum Boltzmann kinetic equa-
tion for the distribution function of the excited atoms
consider equation of motion for ¥ (7, t)

e h2V2 . S 5
zh—d) = [ ——=— 4 Uext (7) + 291 | ¥ — 2g7a) + g+

ot 2m

g0 () + 2905 ) g 5 ).
where n = n. + n is the total density. It will allow us
to derive a kinetic equation for the excited atoms. Fol-
lowing Kirkpatrick and Dorfman [7], it is convenient to
define the time evolution of v by

G(F,t) = U (t, t0)d(7, t0)U (1 o),
where the unitary operator U (t,t) evolves according to
the equation of motion

oU (t, to)

ZFLT - Heﬁ‘(t)U(t7t0).

Here, tg is the time at which the initial nonequilibrium
density matrix p(to) is specified. The effective Hamilto-
nian in is given by

Hog(t) = Ho(t) + H'(t), (5)
H'(t) = Hy(t) + Hy(t) + Hy(t) + Hj(t),

where the various contributions are defined as

L h2v?2 ~
Hy(t) = /dmﬁ <— S +Uext(f>> Y,
mo = [ar(LEod +Lie07).
mo) = § [ar(@@niit+e2@i),

2
() = g [ @ (¥E0500 + BEOT),
my) = 5 [drit ool -2 [ drar ot
U(F) = cht(fj =+ QQﬁc(ﬁ t),
Ly 1) = —g (0 (7, yin(F, t) + 20 (7, (7 1)+
bt > ).
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The expectation value of an arbitrary operator O(t)
which is made up of some combination of non-condensate
field operators, with respect to the initial density matrix
p(to) can be expressed as

(0(t)) = (0)" = Spp(to)O(t) =
where

ﬁ(ta t()) = U(ta tO)pA(tO)UJr (ta tO)
satisfies the following equation

@ + %[ﬁ(f, to), Heﬁ(t)] =0.

Our ultimate objective is to obtain a quantum ki-
netic equation for the non-condensate atoms. For this
purpose, we define the Wigner operator

Spp(t, to)O(to),

fp,7,

~ T
2 tO)

/dr eiw+(r + 5 S to) (7 —

Its expectation value then yields the Wigner distri-
bution function

F(B.7,t) = Spf (5,7, to)p(t, o)

Knowledge of this function allows one to calculate
various nonequilibrium expectation values, such as the
non-condensate density

oo dp’
0= [ iy

The equation of motion for f is

of (P, 7, 1)
ot

= SPR(OLI (5,7 1), HO O Sp(0) L (7,7 ), H (). (0

The first term on the right hand side of (6) defines the
free-streaming operator in the kinetic equation. With the
assumption that U(7,t) varies slowly in space, we then
have

BT | B oppm v
TR VP, 7 t)

f(o,7.1).

78 ( )[f(ﬁv 7, t)vHeff(t)] =

VU - Vf(5,7,1)

= - SpA() (77 0), 5 (1)

The right hand side of this equation clearly repre-
sents the effect of collisions between the atoms.

The reduction of this term to the form of a binary
collision integral performed by using method of NSO (see
Appendix).
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The collision integral is the sum of two contributions:

of
ot = Cia[f] + Ca2lf],

coll
where

Zg Ne

Cialf @r)2ht /dp2/dp3/dp4x
XO(MU, + 1 — Pa — P3)0(Ec + Epy — Epy — Epy) X
x[6(p'— p1) — 0(P' — P2) — 6(P — p3)] X

X[(L+ f1)fafs — fr(1+ f2)(1 + f3)]

describe collisions between thermal atoms, and

5h7/dp2/dp3/dp4x

Ps — Pa)0(Ep + Epy — Epy

022

6P4)><

X[(L+ )X+ f2)fafa — ffo(L+ f3)(1 4 fa)]

XO(P'+ P2 —
(8)

describe collisions between thermal atoms and conden-
sate atoms.
f:f(ﬁ;f;t)a fl:f(@7f7t)

Therefore quantum kinetic equation for the distribution
function for the excited atoms

G oy o
5 +m Vfp,m,t)— VU - Vef(p,7t) =

= Cxlf] + Cr2[f, ®]. (9)
Generalized GP equation is as follows

L O0D(7,t) h2v? -

ih prame ( ~ o + Uext (7) + gne (7, t)+

+2gi(7, 1) — ihR(7, 1) ) (7, 1), (10)

where

[ dp Culf)
R(rt) = / e 2;2;(7?, h

The dissipative term R in (10) is associated with the
exchange of atoms between the condensate and non-
condensate, as described by the collision integral Cia[f]
in (7). We see that (9) and (10) must be solved self-
consistently.
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3. Conclusions

In this paper, we have derived a set of equations which
describe the dynamics of a trapped Bose-condensed gas
at finite temperatures. These equations consist of a gen-
eralized Gross-Pitaevskii equation for the condensate or-
der parameter ®(7,¢) and a semiclassical kinetic equa-
tion for the excited atom (non-condensate) distribution
function f(p,7,t). By limiting ourselves to higher tem-
peratures, we arrive at a simple and intuitive picture
in which the excited atoms behave as particles moving
in a dynamic Hartree-Fock field. Collisions between all
the atoms are included and in particular, allow for the
transfer of atoms between the two components. Most of
our discussion is devoted to the hydrodynamic regime
and the derivation of a closed set of generalized hydro-
dynamic equations for the two components. These equa-
tions are based on the assumption that collisions be-
tween excited atoms are sufficiently rapid to drive the
distribution function f(g,7,t) toward the local equilibri-
um Bose-Einstein distribution f (p,7,t), with the conse-
quence that the Ca[f] collision integral for the excited
atoms vanishes. However, the Ci5[f] collision integral
describing collisions between the condensate and non-
condensate atoms remains finite, and as a result, our
equations can be used to describe the situation in which
the condensate is not in diffusive local equilibrium with
the non-condensate.
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Appendix

In the Appendix, we give detailed derivation of the ex-
pressions for the anomalous correlation functions <7,Z~11Z)>
and (15*1@1/?), as well as the collision integrals given by
equations (7) and (8).

For this goal we use a Zubarev’s method of nonequi-
librium statistical operator (NSO)

The NSO method permits one to generalize the Gibbs
ensemble method to the nonequilibrium case and to con-
struct a nonequilibrium statistical operator which en-
ables one to obtain the transport equations and calculate
the kinetic coefficients in terms of correlation functions,
and which, in the case of equilibrium, goes over to the
Gibbs distribution.

4

In order to obtain a closed kinetic equation for the
distribution function f we must express higher order cor-
relation functions in terms of f. For this purpose, we
treat H'(t) as a perturbation to the zeroth-order Hamil-
tonian Hy(t), as defined in (5). We shall effectively cal-
culate collision integrals to second order in g.

Let us consider the Liouville equation with an in-
finitesimally small source into the right-hand side (we
set i = 1 throughout this Appendix)

ap(t) 1

o I HB) = —€(p(t) — pq(1)). (11)

where € — 0 after the thermodynamic limit (V —
0o, N — o) and the quasi-equilibrium distribution is
defined as

Pq = €Xp {—CI)(t) — Z Fn(t)Pn} )

Here ®(t) — is a Massieu-Planck functional. The La-
grange multipliers F},, should be found from the self-
consistency conditions

<Pm>t = <Pm>f1 )

where P,, are the set of a basic dynamic variables that
describes of the nonequilibrium state.
In our case the Hamiltonian has the form (5)

H = Ho(t) + H'(1),

where H'(t) we treat as a perturbation. In such situation
useful a conversion to the interaction representation.

Let us now rewrite the Liouville equation (11) in the
suitable to integration form

0 1 1
(7€) o0+ ot ) Ha® =) 1ot ')
Multiplying this equation by exp(et’) as well as by
Uo(t')=exp{—iHot'} and U (t')=exp{iHot'} (from left
and right respectively), integrating over time (from —oo

to t), and using the property of the evolution operators,
we find

o(t) = € / 4’ exp(—e(t — £'))Uo(t, ') pq (£ YU (8, )=

— 00

~ [ e expl(—ett ~ )Vt ) Floe). H' (U5 ()

Here Uy(t,t') = Uo(t) Uy (t).
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After integrating of the term that proportional € by
parts obtain

t

p(t):pq(t)—/dt'exp{—e(t—t’)}%(t’t/){apgt(/t/)+

— 00

t

+1[pq(t'),H0(t’)]}U(T(t,t') / dt’ exp{—e(t —t')}x

—0o0

<Un(t, )5 ), VU (8,1, (12)
To find out how apgt(t) is interaction depend. We
have
8p§ft) _ Z ff}i?t 6<;n>t _ Z ;f;it;t y
x |1 Qui(t) (Pa)' + Jn(t)] : (13)
1

where €,,; satisfied the relationship
. 1
1 Z in(t)-Pl = ;[pq(t% HO(t)]
l
The J,(t) is defined as

Tn(t) = =i ([P, H'))' = =iSp([Pa, Hp(1) ). (14)

Taking into account relations (13) and (14) we obtain

Ipq(t)

0 itpy(), )] = 3 =200 ),

—§ < P, >t " (15)

Substituting from (15) into (12) we find

t

plt) = puft) = [ dt'expl-clt — )} Ua(t.¢)x

— 00

X{ %Jm(t')—i[p(t'%H’]}UJ(t,t’). (16)

Such form of the Liouville equation is useful to for-
mulation of the perturbation theory.
Let us assume that

Jn(t) = i JE (1),

k=1

p(t) = pa(t) + > _ pM(1),
k=1
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Here p® and J) are proportional to g* (g is a constant
of interaction).
Notice that due the space homogeneity

‘ ¢
JV(t) = —i([Pa, H'), = 0.
Iterating (16) to first order in H'(¢), one has

) = pult) ~1 [ dt exp(—elt — #))Uo(t, )

X [H'(t), pg (1)U (t,1). (17)

To a first approximation, for an arbitrary dynamical
operator O(t) the expectation value can be expressed as

t

(O(t)" = (O(t)>g —i / dt’ exp{—e(t —t')} x

< ([Uo(t, )OS (&, 1), H'(1)]),
We first consider the three-field correlation function

(1 4np). To lowest order in the interaction g, the three-
field correlation function is given by

t

(500) = (i) =i [ atespl=e(t— )}

’

s ([Wo(t. 1yt G0 (1,0), 1 (1)) (18)

q
The first term on the right hand side of (18)
gives the initial correlation. Since the initial anoma-
lous correlations regarding broken symmetry in the
quasi-equilibrium statistical operator is absent, the term
Lt
<1/1+1/11/1> vanish. In addition, only those parts of H] and
q
H are kept which yield an equal number of creation and
annihilation operators.
Thus

<1/~}+7Jﬂ/~,>t = _i/too dt’ exp{—e(t —t')} x

+

x ([Uo(t, )0 dU; (¢, '), Hi (8) + Hi(1)]) (19)

q
Suppose that the hydrodynamic variables vary slow-
ly in space and time. Thus the terms contained in the
effective Hamiltonian to come from values of ¥ and t’
close to 7 and t.
Let us assume that

ne(7, ") = n (7 t), (7, t') ~n(Ft), UF,t') ~ U 1),
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O(7,t'") ~ (7, t) + %(t’ —t)+ VO (7 —7) =

= O(F,t) + eo(t’ — t) +mi, - (7 —7), (20)

/

Uo(t,t) = Ty exp {— i /HO(T)dT} ~ exp{—iHo(t — ')}

Here n.(7,t) = |®(7t)|> — density of condensate, 6

is a phase of the macroscopic wavefunction (®(7,t) =

|®(7, 1)), G.(7t) = 1/mVO(F,t) is a condensate
2

C

5 is the local energy of

velocity and ¢, =

o et
a condensate atom.
Introducing the Fourier transform of the non-

condensate field operators according to
N 1 U 1 .
7)) = — E aze?, YT (f) = —= E ate T

and using (20) and definition of the H{, we obtain

¢

VB o) Uo(t. ). H(B)]) =

q

(UG (1,40 (7 to) (7

~ —2g7(7, t)n/ (7, t) exp{if (7, t)}

1
X7 Zﬁ

P1,P2,P3,P4

e*i(ﬁlcﬂﬁl 717'2*53)-Fei(66+€1752753)(26715’) %

xaﬁz;;ﬁu (<a;'_1 aﬁ2>f1 5173,174 + <a;_2a173>; 6527ﬁ4)a (21)

2
where p, = mi., &, (F) = 2= + U(7).
By analogy, using Wick’s theorem for expressing of
the higher order correlation functions we obtain

+

)&(F,to)Uo(t,tw,Hg(t)D ~

q

(U3 (& )5+ (7. o) b(7,

~ 290 (7, t)nt/2 (7, t) exp{if(7, ) } x

X% S iR (et —2 =80 (=)

P1,P2,D3
+ t + t/
XY Sprn, ,13”2+z3‘g(5p2 705,45, 05 )g + O 1 a5, @ g X
15‘/1 7ﬁIQ p3

' 9
+ t’ + [ AN + .. :
x{ag, 0z, )q +05, 5, (a5 05, ), <aﬁ’2ap2>q 057, A A . X

t’ t’ t’
+ . _ - + _
X <aﬁ,$ap3>q + 05,7, <aﬁ1ap3>q <aﬁ,3apwl> + 65 5, X

6

t
/ g eilE—ie)(t—t) _

t’ t’
X <a;'1ap2> <a;;2a5r2> ) (22)
q q
Using (20), obtain
t/
<a;§iaﬁj>q = Sp(pq(to)UJ(t’,tO)a;aﬁj Uo(t',t0)> ~
. to
~ 67,(81‘76]’) <a;;£ aﬁj> (23)
' q

In view of a properties of the quasi-equilibrium sta-
tistical operator, we have

+. \P -
<aﬁiaﬁj>q = 5ﬁiaﬁjf(pi7rat0)'

Substituting from (21) and (22) into (19) and using

(24)

(23) and (24), we obtain
_ _ - |
(FH OB D)) = —izmgnl/ 2=
i 1
x 06 +81— 52— Eg) + ~Pr—————|x

X(sﬁc‘f‘ﬁl—ﬁz—ﬁS {fl(l + f2)<1 + f3) - (]- + fl)f3f3]v (25)

where f; = f(p;, 7 t). We emphasize that in deriving
(25), we used a Sokhotsky’s formula

1
wo(x) 4+ iP (x) , if € — 0.

We note that the three-field correlation function in
(25) is explicitly proportional to \/n. and the interaction
strength ¢g. Thus it vanishes above Tprc as well as in a
non-interacting Bose gas.

Using similar techniques and approximations, we
evaluate the remainder quantities

7, 0) = (B 09 0)) = ~img® 3 65,0525

P1,D2

1
x[1 -2 -P—
[ +f1+f2][(81+52 60)+7r €1+52_2€c:|

For collision integrals we find results (7) and (8).
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OB’€IHAHA JVUHAMIKA KOHAEHCATY TA
HAJKOHIAEHCATY B 3AXOIIJIEHOMY BO3E-T'A3I

I1. II. IIueopin, A. B. Ceidauncorutl
PesomMme

Buxonsium 3 nmepmmx NOPUHIMINB — CTATHUCTUYHOI  MeXaHiK:
MH [OOyJIyBaJii JHUHAMIKY KOHJEHCOBAHOrO 0o03e-rasy upu
TeMIIepaTypax BiAMIHHAX Bij Hyss. 30KpeMa, MU BUBEJIU PiBHSIHHSI
PYXy JUIsi XBUJIbOBOI (DYHKIIT KOHJIEHCATy Ta KBAHTOBE KiHETUYHE
piBusiHHSA 1y1s dyHKOil po3nominy 30ymkeHux aromis. Ogeprkame
y3arajibHeHe piBHsaHHs ['pocc-IliTaeBcbKoro it KoOHJIeHCATY
BPaxXxoOBYy€ 3ITKHEHHsS 3 HAJKOHJEHCATHUMH aToMaMu. KBaHTOBe
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KinerudHe piBHaAHHS BosbiMana s HaZKOHIEHCATY OTPUMAHO
3a JI0IOMOroi0 MeToza 3ybapeBa HEPIBHOBAYKHOTO CTATHUCTHIHOIO
omeparopa. Takum dYmHOM OyI0 OTPHMAHO IIIICHY IJUHAMIKY
KOHJIEHCOBAHOTO 603e-ra3y mnpu TeMIeparypax BiJIMIHHUX Bif
HYJIS.

OBbEJINHEHHAA JAUHAMUKA KOHIEHCATA 1
HAIKOHAIEHCATA B IIJIEHEHHOM BO3E-TA3E

II. II. Iuzopun, A. B. Ceudsuncvruil
PeszowMme

Ucxonst U3 NepBBIX IMPUHIUIIOB CTATHUCTUYECKON MEXaHUKH MbI
CKOHCTPYUWPOBAJIN JIMHAMUKY KOHJIEHCUPOBAHHOIO 003e-ra3a mpu
OTJIMYHBIX OT HyJIsl TeMIepaTrypax. B YacTHOCTH, MBI BbIBEJIHX
ypaBHEHUE JIBUXKEHUsI JJIsi BOJIHOBON (DYHKIMM KOHJIEHCATA,
a TakyKe KBAHTOBOE KHHETUYECKOEe ypaBHeHHe st (OYHKIUA
pacrpeiesieHusi BO30yKIeHHbIX aToMOB. [losiyuennoe 06061eHHOE
ypaHeHnune ['pocc-TluraeBckoro mjisi KOHIEHCATa YYUTHIBAET
CTOJIKHOBEHU A C HaJKOHJIEHCATHbIMU aToOMaMH. KBaHTOBOe
KUHETUYECKOE ypaBHEeHHEe DBosbliManHa Uil HaJIKOHJEHCATa
[IOJIyYEeHO C IOMOIIBIO MeToma J3ybapeBa HEPaBHOBECHOIO
CTaTUCTUIECKOro omeparopa. TakmMm o0pasoM, OBLIO IOJIy<I€HO
[EJIOCTHYIO  JUHAMUKY KOHJEHCUPOBAHHOrO 0o3e-ra3a  IpHU
TeMmIlepaTypax, OTJIMYHBIX OT HYJId.



