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Inrtoduction 

 

In Mathematics, a differential equation is an equation that contains one or more functions with 

its derivatives. The derivatives of the function define the rate of change of a function at a point. It is 

mainly used in fields such as physics, engineering, biology and so on. The primary purpose of the 

differential equation is the study of solutions that satisfy the equations and the properties of the 

solutions.  

One of the easiest ways to solve the differential equation is by using explicit formulas. In this 

workshop, let us discuss the definition, types, methods to solve the differential equation, order and 

degree of the differential equation, ordinary differential equations with real-word examples and a 

solved problem. 

Differential Equations can describe how populations change, how heat moves, how springs 

vibrate, how radioactive material decays and much more. They are a very natural way to describe 

many things in the universe. 

So we try to solve them by turning the Differential Equation into a simpler equation without 

the differential bits, so we can do calculations, make graphs, predict the future, and so on. 
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Lecture summary 
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Section: 1 First Order Differential Equations 

Example 1 

Given that y = 1 at x = 0, solve the differential equation 3d
tan sec

d

y
y x x

x
− = , giving your answer in 

the form ( )y f x= . 

Solution 

tan d ln cosx x x− =  

( ) cosv x x=  

3

1 1
cos d

cos cos
y x x

x x
=   

( )sec tan Cy x x= +  

1 at x 0 sec tan secy y x x x= =  = +  

 

Example 2 

a) Find 
2

d

9 4

x

x +
 . 

b) Find the general solution of the differential equation 2 d
(9 4) 9 1

d

y
x xy

x
+ + =  

Solution 

1

2

d 1 3
sinh C

3 29 4

x x

x

−  
= + 

 +
  

2 2

d 9 1

d 9 4 9 4

y x
y

x x x
+ =

+ +
 

( ) 2
9 4v x x= +  

2

22

1 d
9 4

9 49 4

x
y x

xx
= +

++
  

1

2

1 1 3
sinh C

3 29 4

x

x

−  
= +  

  +
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Example 3 

a) Show that the transformation y vx=  transforms the equation: 

( )
2

2 2 5

2

d d
2 2 9 ,

dd

y y
x x x y x

xx
− + + =  I 

into the equation : 
2

2

2

d
9 ,

d

v
v x

x
+ =  II 

b) Solve the differential equation II to find v as a function of x. 

c) Hence state the general solution of the differential equation I. 

Solution 

2 2

2 2

d d d d d
,   2

d d dd d

y v y v v
v x x

x x xx x
= + = +  

( ) ( )
2

2 2 5

2

2
3 3 5

2

2
2

2

d d d
2 2 2 9

d dd

d
9

d

d
9

d

v v v
x x x v x x vx x

x xx

v
x v x x

x

v
v x

x

   
 + − + + + =       

 + =

 + =

 

2
9 0 3ir r+ =  =  

Acos 3 Bsin 3hv x x = +  

2
p

2

C D E

1 2
C ,   E  and D 0

9 81

1 2
Acos 3 Bsin 3

9 81

v x x

v x x x

= + +

−
 = = =

 = + + −

 

( )32 1
Acos 3 Bsin 3

81 9
y x x x x x= + + +  

 

Example 4 

a) Show that the substitution y = vx transforms the differential equation
d 3 4

d 4 3

y x y
=

x x+ y

−
    (I) 
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into the differential equation 
2d 3 8 3

d 3 4

v v + v
x

x v+

−
= −   (II). 

b) By solving differential equation (II), find a general solution of differential equation (I). 

c) Given that y = 7 at x = 1, show that the particular solution of differential equation (I) can be 

written as (3y − x)(y + 3x) = 200. 

Solution  

y = vx  y = xv + v = 
3 4 3 4

4 3 4 3

x vx v

x vx v

− −
=

+ +
 

 xv = 
3 4

4 3

v

v

−

+
 − v = 

3 4

4 3

v

v

−

+
−

2
4 3

4 3

v v

v

+

+
= −

2
3 8 3

4 3

v v

v

− + +

+
 

2

3 4
d

3 8 3

v
v

v v

+

+ −
  = 

1
dx

x
−  

 21
ln 3 8 3

2
v v+ − = 

A
ln

x
 

 
2

3 8 3v v+ −  = 
2

B

x
 

2 2
3 8 3 By xy x + − =  

y = 7 at x = 1  (21−1)(7+3)=B = 200 

( ) ( )3 3 200y x y x − + =  

 

Example 5 

Given that x = ln t, t > 0 and that y is a function of x, 

a) Find 
d

d

y

x
in terms of 

d

d

y

t
 and t, 

b) Show that 
2 2

2

2 2

d d d
.

dd d

y y y
t t

tx t
= +  

c) Show that the substitution ln=x t transforms the differential equation 

2
2 2

2

d d
(1 6e ) 10 e 5e sin 2e

dd

x x x xy y
y

xx
− − + =  (I)  into the differential equation 

2

2

d d
6 10 5sin 2 .

dd

y y
y t

tt
+ + =   (II) 
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d) Hence find the general solution of (I), giving your answer in the form ( )y f x= . 

Solution 

d d

d d

y y
t

x t
=  

2 2 2
2

2 2 2

d d d d d d d

d d d dd d d

y y y y y y
t t t t t

t x t tx t t

  
= = + = +       

 

( ) ( ) ( ) ( ) ( )2 2 2
1 6 10 5 sin 2t y ty t ty y t t t  + − − + =  

( )6 10 5sin 2y y y t  + + =  

2
6 10 0 3 ir r r+ + =  = −  

 3
e Acos Bsin

t
y t t

− = +  

p M sin 2 Ncos 2y t t= +  

p 2M cos 2 2N sin 2y t t = −  

p 4M sin 2 4Ncos 2y t t = − −  

Substituting into equation we get 
1 1

M ,   N
6 3

= = −  

 3 1 1
e Acos Bsin sin 2 cos 2    ,   e

6 3

t x
y t t t t t

− = + + − =  

 

Example 6 

a) Show that 21
e

2

xy x=  is a solution of the differential equation 
2

2

d d
2 e

dd

xy y
y

xx
− + =  

b) Solve the differential equation 
2

2

d d
2 e

dd

xy y
y

xx
− + = , given that y = 1 and 

d
2

d

y

x
=  at x = 0. 

Solution 

21
e

2

x
y x=  
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21
e e

2

x x
y x x = +  

21
e 2 e e

2

x x x
y x x = + +  

2 2 2

2

1 1 1
e 1 2 2 e e e

2 2 2

1
e e e  is a solution of the differential equation

2

x x x x

x x x

x x x x x

x

   
+ + − + + =   

   

 = 

 

( )

2

2

r 2r 1 0

r 1 0

r 1

− + =

− =

=

 

21
A B e

2

x
y x x

 
= + + 
 

 

1, 0 A 1y x= =  =  

2, 0 B 1y x = =  =  

 

Example 7 

a) Find the general solution of the differential equation
d d

2 2 2e
dd

2
t

2

y y
+ + y =

tt

−
. 

b) Find the particular solution that satisfies y =1 and 
d

d

y

t
=1 at t = 0. 

Solution  

r2 + 2r + 2 = 0  

r = 1 i−   

( )h e Acos Bsin
t

y t t
− = +  

yp= Me−t 

yp= −Me−t 
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yp= Me−t
 

 M = 2 

( ) ( )e Acos Bsin 2e e Acos Bsin 2
t t t

y t t t t
− − − = + + = + +  

y = 1, t = 0  1 = A + 2  A = −1 

1,  0 1 A B 2 B 2y t = =  = − + −  =  

( )e cos 2sin 2
t

y t t
− = − + +  

 

Example 8 

Use the substitution y = vx, where v is a function of x, to solve the differential equation 

xy
2 2d

d

y
x y

x
= + , x, y > 0 

Solution  

d d

d d

y v
x v

x x
= +  

2 2 2 2d

d

v
x v x v x v x

x

 
 + = + 

 
 

3 2d

d

v
vx x

x
 =  

d
d

x
v v

x
 =  

2

ln C
2

v
x = +  

2 2 2
2 ln Cy x x x = +  

2ln C   y x x = +  

Example 9 
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Find the general solution of the differential equation 

d π
2 cot 2 sin ,   0

d 2

y
y x x x

x
+ =    

Solution  

( )2cot 2 d ln sin2
e e sin2

x x x
x = = =  

sin2 sin2 sin  d Cy x x x x = +  

32
sin 2 sin C

3
y x x= +  

1
tan sin Ccsc2 ,   C R

3
y x x x = +   

 

Example 10 

Find the general solution of the differential equation 
2d π

tan sec  ,  0
d 2

y
y x x x

x
− =   , giving your 

answer for  y in terms of  x. 

Solution  

tan d
e

x x


−=  

( )ln cos
e cos

x
x= =  

2
cos sec cos d Cy x x x x = +  

ln sec tan Cx x= + +  

( )sec ln sec tan C ,  Cy x x x = + +   

 

Example 11 

Use the substitution y vx= , where v is a function of x, to transform the differential 

equation 2 2 2d

d

y
x x xy y

x
= + + , 0x   into 2d

1
d

v
x v

x
= + , 0x  . Hence, given that 

3y =  at 1x = , find y in terms of x. 
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Solution  

d d

d d

y v
v x

x x
= +  

2 3 2 2 2 2

2

d

d

d
1

d

v
x v x x x v v x

x

v
x v

x

 + = + +

 = +

 

1

2

d d
tan ln C

1

v x
v x

xv

− =  = +
+

   

1

1

tan ln C

3 at 1 tan 3 C

y
x

x

y x

−

−

 = +

= =  =

 

1 1
tan ln tan 3

π
tan ln

3

y
x

x

y x x

− − = +

 
 = + 

 

 

 

Example 12 

Find the general solution of the differential equation 
d

sin cos sin 2 sin
d

y
x y x x x

x
− = , 

giving your answer in the form ( )y f x= . 

Solution  

( )

cot d ln sin

d
cot sin 2

d

1
e e

sin

x x x

y
x y x

x

x


− −

− =

= = =

 

( )
1 1

sin 2 d C
sin sin

y x x
x x

 
 = + 

 
  

( )
1

2sin cos d C
sin

2sin C

x x x
x

x

 
= + 

 

= +

  

2
2sin Csin ,  Cy x x = +   
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Example 13 

Solve the differential equation 4 0y y y − + = , putting 
3

1
z

y
= . 

Solution  

4

d 3 d

d d

z y

x xy

−
=  

4 41 d
0,   0

3 d

d
3 3

d

d
3d

1

z
y y y y

x

z
z

x

z
x

z

 − − + = 

 = −

 = −
−

 

ln 1 3 Cz x − = − +  

3

3

3
3

1 ke

1 ke

1
,  k

1 ke

x

x

x

z

z

y

−

−

−

 − =

 = +

 = 
+

 

 

Example 14 

a) Use the substitution 
2

1
u

y
= , ( )0y   to transform the differential equation 

2 3d
2 e

d

xy
xy x y

x

−+ =  

(I) into the differential equation 
2d

4 2 e
d

xu
xu x

x

−− = −  (II) 

b) By finding the general solution of (II) find the general solution of (I) 

Solution  

2 3

1 d 2 d

d d

u y
u

x xy y

−
=  =  

2
3 31 d

2 e
2 d

xu
y xy x y

x

− − + =  
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2

2

2

d 4
2 e

d

d
4 2 e

d

x

x

u x
x

x y

u
xu x

x

−

−

 − = −

 − = −

 

( )
24 d 2

e e
x x x

v x
− −= =  

( ) ( ) ( )
2 2 2

2 2
e e 2 e d

x x x
u x x x

− −= −  

( ) ( )
2 2 2 2 2

2 2 2 3
e e 2 e d e 2 e d

x x x x x
x x x x

− − −= − = −   

2 2 2 2
2 3 21 1

e e C e Ce
3 3

x x x x
u

− − 
= + = + 

 
 

2 2

2 2

2

2
2

1 1 1
e Ce

3 1
e Ce

3

x x

x x

y
y

−

−

= +  =

+

 

 

Example 15 

a) Find the general solution of the differential equation tanh
dy y

x x
dx x

− = , giving your answer in the 

form ( )y f x= . 

b) Given that k is a positive constant, find the general solution of the differential equation 

2
2 k

2

d d
2k k e

dd

−− + = xy y
y

xx
. 

Solution  

1
d

ln 1
e e

x
xx

x


−
−

= = =  

1
tanh d Cy x x

x
= +  

( )
1

ln cosh Cy x
x

= +  

( )ln cosh C ,   Cy x x x = +   
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2 2
1 2r 2kr k 0 r r k− + =  = =  

( )

k 2 k 2 k 2 k k
p

2

2

k k

2

Let Ce k Ce 2k Ce k Ce e

1
4k C 1 C

4k

1
e A B e

4k

x x x x x

x x

y

y x

− − − − −

−

=  + + =

 =  =

 = + +

 

 

Example 16 

a) Use the substitution 
2

1
u

y
= , ( )0y   to transform the differential equation 

2 3d
2 e

d

xy
xy x y

x

−+ =  

(I) into the differential equation 
2d

4 2 e
d

xu
xu x

x

−− = −  (II) 

b) By finding the general solution of (II) find the general solution of (I) 

Solution  

2 3

1 d 2 d

d d

u y
u

x xy y

−
=  =  

2
3 31 d

2 e
2 d

xu
y xy x y

x

− − + =  

2

2

2

d 4
2 e

d

d
4 2 e

d

x

x

u x
x

x y

u
xu x

x

−

−

 − = −

 − = −

 

( )
24 d 2

e e
x x x

v x
− −= =  

( ) ( ) ( )
2 2 2

2 2
e e 2 e d

x x x
u x x x

− −= −  

( ) ( )
2 2 2 2 2

2 2 2 3
e e 2 e d e 2 e d

x x x x x
x x x x

− − −= − = −   

2 2 2 2
2 3 21 1

e e C e Ce
3 3

x x x x
u

− − 
= + = + 
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2 2

2 2

2

2
2

1 1 1
e Ce

3 1
e Ce

3

x x

x x

y
y

−

−

= +  =

+

 

Example 17 

Find the general solution of the differential equation 3d
cos sin sin cos

d

y
x y x x x

x
+ = , 

π
0

2
x  . 

Solution  

( )

3

2

d
cos sin sin cos

d

d
tan sin cos

d

y
x y x x x

x

y
x y x x

x

+ =

+ =

 

( )
tan d lnsec

e e sec
x x x

v x x= = =  

2
sin

cos sin cos d cos C
2

x
y x x x x x

 
= = + 

  
  

21
cos sin Ccos

2
x x x= +  

 

Example 18 

a) Find 
2

d

9 4+


x

x
 

b) Find the general solution of the differential equation 2 d
(9 4) 9 1

d
+ + =

y
x xy

x
 

Solution  

1

2

d 1 3
sinh C

3 29 4

x x

x

−  
= + 

 +
  

2 2

d 9 1

d 9 4 9 4

y x
y

x x x
+ =

+ +
 

2
9 4x = +  
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2 2

2

d
9 4 9 4

9 4

x
x y x

x
+ = +

+
  

1

2

1 1 3
sinh C

3 29 4

x
y

x

−  
 = +  

  +
 

 

Example 19 

Given that y = 1 at x = 0, solve the differential equation 3d
tan sec

d

y
y x x

x
− = , giving your solution 

in the form y = f(x). 

Solution  

tan
e cos

x
x −= =  

( ) 2
cos sec d tanx y x x C x C = + = +  

sec tan sec ,   y x x C x C R = +   

 

Example 20 

Use the substitution y = vx, where v is a function of x, to transform the differential equation 

2 2 2d

d

y
x x xy y

x
= + + , x > 0 into the differential equation 2d

1
d

v
x v

x
= + , x > 0. Hence, given that 

3y =  at x = 1, find y in terms of x. 

Solution  

d d

d d

y v
x v

x x
= +  

3 2 2 2 2 2

2

d

d

d
1

d

v
x x v x x v v x

x

v
x v

x

 + = + +

 = +

 

1

2

d d
tan ln

1

v x
v x C

xv

− =  = +
+
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1
tan ln

y
x C

x

− = +  

1
3  at  1 tan 3y x C

−= =  =  

1 π π
tan ln   or  tan ln

3 3

y
x y x x

x

−  
 = + = + 

 
 

 

Example 21 

2

d 3 1
1 ,  0

d

y
y x

x x x

 
+ + =  

 
 

a) Verify that 3exx  is an integrating factor for the differential equation. 

b) Find the general solution of the differential equation. 

Solution  

3

3
1  d

3ln ln 3
e e e e e

x
x x x x xx x

 
+ 

+ 


= = = =  

( )3 3

2

1
e e d C

x x
x y x x

x

 
= + 

 
  

3
e e e C

x x x
x y x= − +  

2 3 3

1 1 C

e
x

y
x x x

= − +  

 

Example 22 

Use the substitution lnu y=  to solve the differential equation 

( )
1 d 1

ln 1 0
d

y
y x

y x x
 + =   

Solution  

d 1 d

d d

u y

x y x
=   
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d 1
By susbstitution 1

d

u
u

x x
+  =  

( )
1

d
ln

e e
x

xxv x x


= = =  

( )
2

1 1 C
d C

2 2

x x
u x x x

x x x

 
= = + = + 

  
  

( )
C

2e e

x

u xy x
+

= =  

 

Example 23 

Find the general solution of the differential equation 
d

2 cot 2 sin
d

y
y x x

x
+ = , 

π
0

2
x  , giving your answer in the form ( )y f x= . 

Solution  

( )
2cot 2 d lnsin2

e e sin 2
x x x

V x x= = =  

( )
( ) ( )

1
dy V x Q x x

v x
=   

csc2 sin 2 sin dx x x x=   

32
csc 2 sin C

3
x x
 

= + 
 

 

 

Example 24 

Find the particular solution of the given equation 
d

d 1

y y
x

x x
− =

+
, 0x   and 2y =  at 

1x = . 

Solution  

( )
1

d ln 11
1

e e
1

x xx

x


− − ++


= = =
+
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1
d C

1 1

x
y x

x x

 
= + 

+ + 
  

( )

( ) ( ) ( ) ( )

1 1
1 d C

1 1

1
ln 1 C

1

1 1 ln 1 C 1

y x
x x

y x x
x

y x x x x x

   
= − +   

+ +   

 
= − + + 

+ 

= + − + + + +



 

2 at 1 2 2 2ln 2 2C

C ln 2

y x= =  = − +

 =
 

( ) ( )( )

( )

1 ln 1 ln 2

2
1 ln

1

y x x x

x x
x

 = + − + +

 
= + + 

+ 

 

 

Example 25 

Solve 
1 d

d

y
x xy

y x
= + , 1y =  at 0x = . 

Solution  

( )
d

d
1

y
x x

y y
=

+   

1 1
d d

1
y x x

y y

 
− = 

+ 
   

2

ln ln 1 C
2

x
y y − + = +  

2

ln C, 1 at 0
1 2

1
C ln

2

y x
y x

y
 = + = =

+

 =

 

2

2

2

2

2
e

1

1

2 e

x

x

y

y

y

 =
+

 =
−
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Example 26 

Find the general solution of the differential equation 
d sec h 

(tanh ) , 0
d

+ = 
y x

y x x
x x

 

Solution  

V(x) = e
tanh d

V( )=e cosh
x x

x x =  

( )
1

sech d sech ln Cy x x x x
x

= = +  

 

Example 27 

Solve each of the following differential equations. 

a) 5 6 0y y y − − =  

b) 4 4 0y y y + + =  

c) 2 2 0y y y − + =  

Solution  

2
r 5r 6 0 r 6, 1− − =  = −  

6
1 2 1 2C e e ,      C ,C

x x
y C

− = +   

2
1 2r 4r 4 0 r r 2+ + =  = = −  

( )2
1 2 1 2e C C ,     C ,C

x
y x

− = +   

2
r 2r 2 0 r 1 1 1 i− + =  = − =  

( )1 2 1 2e C sin C cos ,     C ,C
x

y x x = +   

  

Example 28 

Given that y = 1 at x = 0, solve the differential equation 
3d

tan sec
d

y
y x x

x
− = , giving 

your answer in the form ( )=y f x . 
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Solution  

tan d ln cosx x x− =  

cos x =  

3

1
cos cos d C

cos
xy x x

x
= +  

( )sec tan Cy x x= +  

1 at x 0 sec tan secy y x x x= =  = +  

 

Example 29 

Find the general solution of the differential equation 2d 2
ln  ,  0

d
− = 

y
y x x x

x x
. 

Solution  

2
d

2ln

2

1
e e

x
xx

x


−
−

= = =  

( )2

2 2

1 1
ln d cy x x x

x x

 
 = + 

 
  

ln d C ln cx x x x x= + = − +  

3 3 2
ln c  ,  cy x x x x = − +   

 

Example 30 

Solve the following differential equation: ( )
d

sin tan 3cos sin
d

y
x y x x

x
= + , 

π
0

2
x   

and 0
2

y


   knowing that 
6

y


=  at 
2

x


= . Give your answer in the form 

( )sin y f x= . 

Solution  
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( )

( )

d
sin tan 3cos sin

d

3cos sin
cot d d

sin

y
x y x x

x

x x
y y x

x

= +

+
=

 

( ) ( )ln sin 3ln sin Cy x x= + +  

1
ln 3ln1 C C ln 2

2
= +  = −  

( )
3

3

sin
ln sin ln

2

sin
sin e

2

x

x
y x

x
y

 
= +  

 

= 

 

 

Example 31 

a) Use the substitution y vx= , where v is a function of x to transform the differential 

equation 

2
d

1
d

y y y

x x x

 
= + +  

 
, 0x   into a differential equation in v and x. 

b) Using par(a), find y in terms of x given that 1y =  at 1x =  

Solution  

d d

d d

y v
y vx v x

x x
=  = +  

2
2d d

1 1
d d

y y y v
v x v v

x x x x

 
= + +  + = + + 

 
 

2d
1

d

v
x v

x
 = +  

1

2

d d
tan ln C

1

v x
v x

xv

−=  = +
+

 

1
tan ln C

y
x

x

− = +  

1 π
tan 1 C C

4

− =  =  
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1 π
tan ln

4

π
tan ln

4

y
x

x

y
x

x

− = +

 
= + 

 

 

π
tan ln

4
y x x

 
= + 

   

Example 32 

Find the solution of the differential equation 
d

cot sin 2 ,   0 π
d

y
y x x x

x
+ =    for which 1y =  at 

π

4
x = . 

Solution  

cot d
e sin

x x
x = =  

( )
2

3

sin sin 2 sin d C

2 sin cos d C

2
sin C

3

x y x x x

x x x

x

 = +

= +

= +



  

22
sin Ccsc ,   C

3
y x x= +   

1

2 2

cosh C
,     C

1 1

x
y

x x

−

= + 
− −

 

2 2

d

d 1 dd

d d

u
x u

y u ux

x x xx x

−

= = −  

( )2 2
2 2

2 2 4

d d d dd d d 2

d

u x x u xy x u x xu

x x x

− −
= −  

2

2 2 2 3

2 2

2 2 2 3

1 d 1 d 1 d 2

d dd

d 1 d 2 d 2

dd d

u u u u

x x xx x x x

y u u u

x xx x x x

= − − +

 = − +
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2

2 2 3 2

1 d 2 d 2 2 1 d
25 0

d dd

u u u u u u

x x x x x xx x x x

   
− + + − + =  

  
 

2

2

d
25 0

d

u
u

x
 + =  

( )
1

Acos5 Bsin5 Acos5 Bsin5u x x y x x
x

 = +  = +  

 

Example 33 

i) Use the substitution ,y vx=  where v is a function of x, to transform the differential equation 

2 2 2d
,  0

d

y
x x xy y x

x
= + +   into the differential equation 2d

1 ,  0.
d

v
x v x

x
= +   

ii) Hence, given 3y =  at x = 1, find y in terms of x. 

y vx y v x v =  = +  

2 2 3 2

2 2 2 2

d d d

d d d

y v v
x x x v x x v

x x x

x x v v x

 
 = + = + = 

 

+ +

 

3 2 2 2 2d d
1

d d

v v
x x x v x v

x x
 = +  = +  

2

d 1
d

1

v
x

xv
=

+
 

( )1
tan ln c   since 0v x x

− = +   

( )tan ln cv x = +  

( )tan ln cy x x = +  

( )
π

1,   3 3 tan c c
3

π
y tan ln

3

x y

x x

= =  =  =

 
 = + 
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Example 34 

2

d 3 1
1 ,  0

d

 
+ + =  

 

y
y x

x x x
 

a) Verify that 3exx  is an integrating factor for the differential equation. 

b) Find the general solution of the differential equation. 

Solution  

3

3
1  d

3ln ln 3
ρ e e e e e

x
x x x x xx x

 
+ 

+ 


= = = =  

( )3 3

2

1
e e d C

x x
x y x x

x

 
= + 

 
  

3

2 3 3

e e e C

1 1 C

e

x x x

x

x y x

y
x x x

= − +

= − +
 

 

Example 35 

Find the general solution of 
2

2
2 3 6

d y dy
y

dxdx
+ − =  

Solution 

2
r 2r 3 0

r 3,1

+ − =

 = −
 

3
h 1 2C e C e

x x
y

− = +  

p 2y = −  

3
1 2C e C e 2

x x
y

− = + −  
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Section: 2. Second Order Linear Differential Equations 

 

Example 1 

a) Show that the transformation y vx=  transforms the equation :  

( )
2

2 2 5

2
2 2 9 ,

d y dy
x x x y x

dxdx
− + + =  I 

into the equation : 
2

2

2
9 ,

d v
v x

dx
+ =  II 

b) Solve the differential equation II to find v as a function of x. 

c) Hence state the general solution of the differential equation I. 

Solution 

2 2

2 2

d d d d d
,   2

d d dd d

y v y v v
v x x

x x xx x
= + = +  

( ) ( )
2

2 2 5

2

2
3 3 5

2

2
2

2

d d d
2 2 2 9

d d

d
9

d

d
9

d

v v v
x x x v x x vx x

x xdx

v
x v x x

x

v
v x

x

   
 + − + + + =       

 + =

 + =

 

2
r 9 0 r 3i+ =  =  

h Acos 3 Bsin 3v x x = +  

2
p C D E

1 2
C ,   E  and D 0

9 81

v x x= + +

−
 = = =

 

21 2
Acos 3 Bsin 3

9 81
v x x x = + + −  

( )32 1
Acos 3 Bsin 3

81 9
y x x x x x= + + +  
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Example 2 

Find the general solution of the differential equation 
2

2

2

d
4 2

d
− = −

y
y x

x
 

Solution  

2
2

2

d
4 2

d

y
y x

x
− = −  

2
r 1 0 r 1 Ae Be

x x
y

−− =  =   = +  

2
P M N Py x x= + +  

P

P

' 2M N

'' 2M

y x

y

= +

=
 

2 2
2M M N P 4 2

N 0,  M 2 and P 0

x x x− − − = −

 = = =
 

2
G Ae Be 2

x x
y x

− = + +  

 

Example 3 

Transform the equation 
2

2

2

d
2 0

d
+ + + =

y
x y

x
 to 

2

2

d
0,

d
+ =

t
t

x
 by means of the substitution 

2= −y t x , 

and hence find the general solution. 

Solution  

d d
2

d d

y t
x

x x
= −  

2 2

2 2

d d
2

d d

y t

x x
= −  

2
2 2

2

2

2

d
2 2 0

d
0

d

t
x t x

dx

t
t

x

 − + + − + =

 + =

 

cos sint A x B x = +  
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2
Acos Bsiny x x x = + −  

 

Example 4 

a) Solve ( )16 0 ,  0 2y y y + = =  and ( )0 1y = −  

b) Use the substitution 2 1zy =  to transform the differential equation 3dy
y xy

dx
+ =  into an equation 

containing z and x. Solve this equation and hence find y in terms of x. 

Solution  

( ) ( )16 0     0 2       0 1y y y y + = = = −  

2 2 1 1
16r 1 0      r        r i

16 4

−
+ = = =   

1 1
Acos Bsin

4 4
y x x= +  

( )0 2 A 2y =  =  

A B
sin cos

4 4 4 4

x x
y

−
 = +  

( )
B

0 1 B 4
4

2cos 4sin
4 4

y

x x
y

 = = −  = −

 = −

 

3

2

d 1
   and      

d

y
y xy z

x y
+ = =  

3

d 2 d

d d

z y

x xy
= −  

3
3d d

2 2
2 d d

y z z
y xy z x

x x

−
 + =  − = −  

( ) 2

2

1
2 e d

e

x

x
z x x

−

−
= −  
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2

2

0

x
2

2

2

e

1 2e

1 4e

x

x

x

−

−

−

−  

2 2

2

1 1
e e C

2e

x x

x
z x

− −

−

−  
 = − − + 

 
 

2

2

2 2

1
Ce

2

1 1

0.5 Ce 0.5 Ce

x

x x

z x

y y
x x

 = + +

 =  = 
+ + + +

 

 

Example 5 

Solve the differential equation 
2

2 2

2

d d
4 6 2

dd
− + =

y y
x x y x

xx
 using the substitution e= tx . 

Solution  

2
2 2

2

d d
4 6 2

dd

y y
x x y x

xx
− + =  

d d d d
e

d d d d

ty y t y

x t x t

−  
= =  
  

 

2 2 2
2 2

2 2 2

d d d d d
e e e e e

d dd d d

t t t t ty y y y y

t tx t t

− − − − −
 

= − + = −  
 

 

( ) ( )
2

2 2 2

2

2
2

2

d d d
e e 4 6 2e

d dd

d d
5 6 2e

dd

t t t

t

y y y
y

t tt

y y
y

tt

−
 

 − − + =  
 

 − + =

 

2 3
H Ae Be

t t
y = +  

2
p M e

t
y t=  

2 2
p

2 2
p

2M M

4Me 4M e

t t

t t

y t e

y t





= +

= +
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2 2 2 2 2 2
4Me 4M e 10M e 5Me 6M e 2e

t t t t t t
t t t + − − + =  

( ) 2 2 2
4M 10M 6M e Me 2e

t t t
t t t − + − =  

M 2 = −  

2 3 2
G Ae Be 2 e

t t t
y t = + −  

2ln 3ln 2ln

2 3 2

Ae Be 2ln e

A B 2 ln

x x x
y x

y x x x x

= + −

= + −
 

 

Example 6 

2
3

2

d d
6 9 4e ,    0

dd
− + = ty y

y t
tt

 

a) Show that 2 3K e tt  is a particular integral of the differential equation, where K is a constant  

to be found. 

b) Find the general solution of the differential equation. 

Given that a particular solution satisfies y = 3 and 1
dy

dt
=  when t = 0, 

c) Find this solution. 

Solution  

3 2 3
2K  e 3K e

t t
y t t = +  

3 3 3 2 3
2Ke 6K e 6K e 9K e

Substitute you get  K 2

t t t t
y t t t = + + +

=
 

( )2 3
hr 6r 9 0 r 3 e A B

t
y t− + =  =  = +  

( ) 3 2 3
A B e 2 e

t t
y t t = + +  

( )2 3
A 3  and B 8 3 8 2 e

t
y t t= = −  = − +  
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Example 7 

a) Given that sin ,xy e x=  find 
d

d

y

x
 and 

2

2

d

d

y

x
. 

b) Show that 
2

2

d d
2 2 0

dd
− + =

y y
y

xx
 

c) By differentiating the equation in part (b), or otherwise, obtain the Maclaurin expansion of 

e sinx x  up to and including the term in 3x . 

Solution  

( )e sin e cos e sin cos
x x x

y x x x x = + = +  

( ) ( )e sin cos e cos sin 2e cos
x x x

y x x x x x = + + − =  

( ) ( )2e cos 2 e sin cos 2e sin 2 2
x x x

x x x x y y y − + + = − +  

2e cos 2e sin 2e cos 2e sin 0
x x x x

x x x x= − − + =  

2 2 0 2 2y y y y y y     − + =  = −  

( )

( )

0
0 e sin 0 0

0 1

y

y

= =

 =
 

( )0 2     y =  

( ) ( )
( ) ( )2 3
0 0

0 0
2! 3!

y x y x
y y y x

 
 + + +  

( ) ( )0 2 2 2 2y = − =  

3
2

3

x
y x x  + +  

 

Example 8 

A particle moves along the x-axis so that its position function ( )x t  satisfies the differential equation 

2

2

d d
6 0

dd
− − =

x x
x

tt
 and has the property that at time 0=t , 2=x  and 

d
9

d
= −

x

t
. 
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a) Write an expression for ( )x t  in terms of t. 

b) At what time t, if any, does the particle pass through the origin? 

c) At what time t, if any, is the particle is at rest? 

Solution  

( ) ( )2
r r 6 0 r 3 r 2 0 r 3 or r 2− − =  − + =  = = −  

3 2
A B

t t
x e e

− = +  

0,  2 2 A B
A 1,  B 3

0,  ' 9 3A 2B 9

t x

t x

= =  = + 
 = − =

= = −  − = − 
 

2 3
3e e

t t
x

− = −  

Particle passes through the origin 0x =  

2 3 5
3e e e 3 5 ln3

t t t
t

− =  =  =  

ln 3

5
t =  

Particle is at rest 
3 2

0 3Ae 2Be 0
t t

x
− =  − =  

3 2
3e 6e 0

t t
t − − − =    

 

Example 9 

2

2

d d
4 5 65sin 2 ,   0

dd

y y
y x x

xx
+ + =   

Find the general solution of the differential equation. 

Solution  

( )

2

2
h

r 4r 5 0

r 2 1 2 i

e M cos Nsin
x

y x x
−

+ + =

 = − − = −

 = +
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p

p

Asin 2 Bcos 2

2Acos 2 2Bsin 2

y x x

y x x

= +

 = −
 

p 4Asin 2 4Bcos 2y x x = − −  

4A 8B 5A 65
A 1,  B 8

4B 8A 5B 0

− − + = 
 = = −

− + + = 
 

( )2
sin 2 8cos 2 e Mcos Nsin

x
y x x x x

− = − + +  

 

Example 10 

Given 2A e tx t −=  satisfies the differential equation 
2

2

d d
2 e

dd

tx x
x

tt

−+ + =  

a) Find the value of A. 

b) Hence find the solution of the differential equation for which x = 1 and 
d

0
d

x

t
=  at t = 0. 

c) Use your solution to prove that for 0,  1t x  . 

Solution  

2 2 2
A e 2A e A e e 2A A

t t t t
x t x t t t t

− − − −  =  = − = −
 

 

 2

2 2

e 2A e 2A 2A

e 2A 2A 2A A e A 4A 2A

t t

t t

x t At t

t t t t t

− −

− −

  = − − + −
 

   = − − + = − +
   

 

2 2 2
e A 4A 2A 2e 2A A A e e

2Ae e A 1 2

t t t t

t t

t t t t t
− − − −

− −

    − + + − + =
   

 =  =

 

( )
22

hr 2r 1 0 r 1 0 r 1 Ae B e
t t

x t
− −+ + =  + =  = −  = +  

2 2
Ae B e 1 2 e e A B 1 2

t t t t
gx t t t t

− − − −   = + + = + +
 

 

( )0 1 A 1x =  =  

 2
e A B 1 2 e B

t t
x t t t

− −  = − + + + +
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( )
2

0 0 1

e 1 1 2
t

x A B A B

x t t
−

 =  − +  = =

  = + +
 

 

2 2
e 1 1 1 2 e 1 2

t t
x t t t t

− −    = + − − − = −
   

 

0    0x t     for 0t   the function is decreasing   maximum value occurs at 

( )0      0 1t x= =  is absolute maximum on  )0,  

 

Example 11 

By using the substitution ln , 0x t t=  , transform the differential equation 

( )
2

2 2

2

d d
8e 1 17 e 3e cos 2e

dd

x x x xy y
y

xx
+ − + =  into a differential equation for y in terms of t and hence 

solve for y in terms of x. 

Solution  

( )
2

2 2

2

d d
8e 1 17 e 3e cos 2

dd

x x xy y
y x

xx
+ − + =  

d 1 d
ln

d d

x t
x t t

t t x
=  =  =  

d d d d

d d d d

y y t y
t

x t x t
=  =  

( )
2 2 2

2

2 2 2

d d d d d

d dd d d

y y y y y
t t t t

t tx t t

 
= + = +  
 

 

2
2 2 2 2

2

d d d d
8 17 3 cos 2

d d dd

y y y y
t t t t yt t t

t t tt
 + + − + =  

2

2

d d
8 17 3cos 2

dd

y y
y t

tt
 + + =  

( ) ( )64 4 17 64 68 4

8 2i
r 4 i

2

 = − = − = −

−
 = = −

 

 4
H e Acos Bsin

t
y t t

− = +  
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p M cos 2 Nsin 2y t t= +  

( ) ( )

p

p

2Ncos 2 2M sin 2

4Nsin 2 4M cos 2

4Nsin 2 4M cos 2 8 2Ncos 2 2M sin 2 17 MC NS 3C

y t t

y t t

t t t t





= −

= − −

− − + − + + =

 

( )

4NS 4MC 16NC 16MS 17MC 17NS 3C

13Nsin 2 16M sin 2 13M 16N cos 2 3cos 2

13N 16M 0 39 48
M ,  N

13M 16N 3 425 425

t t t t

 − − + − + + =

 − + + =

− = 
  = =

+ = 

 

Note: C stands for cos2t and s for sin2t 

 4 39 48
e Acos Bsin cos 2 sin 2

425 425

t
y t t t t

− = + + +  

4e 39 48
e Acose Bsine cos 2e sin 2

425 425

x x x x x
y e

−   = + + +
 

 

 

Example 12 

Find the general solution for 
2

2

2

d d
3 2 3e

dd
+ + = xy y

y
xx

. 

Solution  

2
r 3r 2 0 r 2, 1+ + =  = − −  

2
h Ae Be  , A,B

x x
y

− − = +   

2
p Ce

x
y =  

2 2 2 2

2
p

4Ce 6Ce 2Ce 3e

1
C

4

1
e

4

x x x x

x
y

 + + 

 =

 =

 

2 21
Ae Be e

4

x x x
y

− − = + +  
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Example 13 

Given e= ux , where u is a function of x, show that 

a) 
d d

d d
=

y y
x

x u
 

b) 
2 2

2

2 2

d d d

dd d
= −

y y y
x

ux u
 Hence find the general solution of the differential equation 

2
2

2

d d
5 9 0

dd
− + =

y y
x x y

xx
 

Solution  

d d d d

d d d d

y y x y
x

u x u x
=  =  

2 2

2 2

2

2

2

2

2
2

2

d d d d

d dd d

1 d d
e

d d

1 d d

d d

d d

d d

u

y y y x
x

x uu x

y y
x

x u x

y y
x x

x u x

y y
x

u x

 
= +   
 

 
= +   
 

 
= +   
 

= +

 

2

2

2

2

substitute

d d d
5 9 0

d dd

d d
6 9 0

dd

y y y
y

u uu

y y
y

uu

− − + =

 − + =

 

( )

2

3

r 6r 9 0

r 3

A B e
u

y u

− + =

 =

 = +

 

( ) 3
A Bln   ,   A,By x x = +   

 

Example 14 

Find the general solution of 
2

2

d d
2 3

dd
+ = +

y y
x

xx
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Solution  

2
r r 0 r 0,  1+ =  = −  

2
h 1 2 pC C e and A B C

x
y y x x

− = + = + +  

2A 2A B 2 3

A 1 and B 1

x x + +  +

 = =
 

2
1 2 1 2C C e   ,   C ,C

x
y x x

− = + + +   

 

Example 15 

Transform the equation 
2

2

2

d
2 0

d
+ + + =

y
x y

x
 to 

2

2

d
0,

d
+ =

t
t

x
 by means of the substitution 

2y t x= − , and hence find the general solution. 

Solution  

d d
2

d d

y t
x

x x
= −  

2 2

2 2

d d
2

d d

y t

x x
= −  

2
2 2

2

2

2

d
2 2 0

d

d
0

d

t
x t x

x

t
t

x

 − + + − + =

 + =

 

2

Acos Bsin

Acos Bsin

t x x

y x x x

 = +

 = + −
 

 

Example 16 

a) Find the value of   for which sin 5y x x=   is a particular integral of the differential equation 

2

2

d
25 3cos5

d

y
y x

x
+ =  
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b) Using your answer to part (a), find the general solution of the differential equation 

2

2

d
25 3cos5

d

y
y x

x
+ =  

Given that at 0,  0x y= =  and 
d

5
d

y

x
=  

c) Find the particular solution of this differential equation, giving your solution in the form 

( )y f x= . 

Solution  

d
sin5 5 cos5

d

y
x x x

x
 = +  

2

2

d
5 cos5 5 cos5 25 sin 5

d

10 cos5 25 sin 5

10 cos5 25 sin 5

y
x x x x

x

x x x

x x x

  

 

 

= + −

= −

= −

 

10 cos5 25 sin 5 25 sin 5 3cos5

3

10

x x x x x x  



− + =

=
 

2
r 25 0 r 5i+ =  =   

1 2

3
C cos5 C sin5 sin5

10
y x x x x= + +  

10 C=  

2

2 2

d 3 3
5C cos5 sin5 cos5

d 10 2

5 5C 0 C 1

y
x x x x

x
= + +

= +  =

 

3
sin5 sin5

10
y x x x= +  

 

Example 17 

Given that 
u

y
x

= , show that 
2 2

2 2 2 3

d 1 d 2 d 2

dd d

y u u u

x xx x x x
= − + . Hence find the general 

solution of the differential equation 
2

2

d 2 d
25 0  ,   0

dd

y y
y x

x xx
+ + =  . 
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Solution  

2

d

d d

d

u
x u

y x

x x

−

=  

2
2

22

2 4

2
3 2

2

4

2

2 2 3

d d d d
2

d d ddd

d

d d
2 2

dd

1 d 2 d 2

dd

u u u u
x x x x u

x x xxy

x x

u u
x x xu

xx

x

u u u

x xx x x

   
+ − − −       

 =

− +

=

= − +

 

Substitute in the given equation we get 

2

2

d
25 0

d

u
u

x
+ =  

Acos5 Bsin5u x x = +  

( )
1

Acos Bsin ,  A, By x x
x

 = +   

 

Example 18 

Transform the equation 
2

2

2

d
2 0

d

y
x y

x
+ + + =  by means of the substitution 

2y t x= − , 

and hence find the general solution. 

Solution  

d d
2

d d

y t
x

x x
= −  

2 2

2 2

d d
2

d d

y t

x x
= −  

2
2 2

2

2

2

d
2 2 0

d

d
0

d

t
x t x

x

t
t

x

 − + + − + =

 + =
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Acos Bsint x x = +  

2
Acos Bsiny x x x = + −  

 

Example 19 

Find the general solution of the differential equation 
2

3

2

d d
4 13 e

dd

xy y
y

xx

−+ + =  

Solution  

2
r 4r 13 0 r 2 4 13 2 3i+ + =  = − − = −  

( )2
1 2e C cos 3 C sin 3

x
hy x x

− = +  

3
p Ae

x
y

−=  

9A 12A 13A 1

1
A

10

 − + =

 =
 

( )2 3
1 2

1
e C cos 3 C sin 3 e

10

x x
y x x

− − = + +  

 

Example 20 

Given that x = ln t, t > 0 and that y is a function of x, 

a) find 
d

d

y

x
in terms of 

d

d

y

t
 and t, 

b) show that 
2 2

2

2 2

d d d
.

dd d

y y y
t t

tx t
= +  

c) Show that the substitution ln=x t transforms the differential equation 

2
2 2

2

d d
(1 6e ) 10 e 5e sin 2e

dd

x x x xy y
y

xx
− − + =  (I) into the differential equation 

2

2

d d
6 10 5sin 2

dd

y y
y t

tt
+ + =  (II) 

d) Hence find the general solution of (I), giving your answer in the form ( )=y f x . 
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Solution  

d d

d d

y y
t

x t
=  

2 2 2
2

2 2 2

d d d d d d d

d d d dd d d

y y y y y y
t t t t t

t x t tx t t

  
= = + = +       

 

( ) ( ) ( ) ( ) ( )2 2 2
1 6 10 5 sin 2t y ty t ty y t t t  + − − + =  

( )6 10 5sin 2y y y t  + + =  

2
r 6r 10 0 r 3 i+ + =  = −  

 3
e Acos Bsin

t
y t t

− = +  

p M sin 2 Ncos 2y t t= +  

p 2M cos 2 2N sin 2y t t = −  

p 4M sin 2 4Ncos 2y t t = − −  

Substituting into equation we get 
1 1

M ,   N
6 3

= = −  

 3 1 1
e Acos Bsin sin 2 cos 2 ,   e

6 3

t x
y t t t t t

− = + + − =  

 

Example 21 

2
2

2

d d
e 2 1

dd

xy y
y y

xx

 
= + + 

 
 

a) Show that 

23 2
2

3 2

d d d d
e 2 2 k 1

d dd d

xy y y y
y y y

x xx x

  
 = + + + +    

 

where k is a constant to be found. 

Given that 0x = , 1y =  and 
d

2
d

y

x
=  
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b) Find a series solution for y in ascending powers of x, up to and including the term in 3x . 

Solution  

2
2

2

d d
e 2 1

dd

xy y
y y

xx

 
= + + 

 
 

23 2
2

3 2

22
2

2

d d d d d
e 2 1 e 2 2 2

d d dd d

d d d
e 2 2 4 1

d dd

x x

x

y y y y y
y y y y

x x xx x

y y y
y y y

x xx

    
= + + + + +    

     

  
 = + + + +    

 

k 4 =  

( )
2

0

2

d d
0,  1,  2,  e 2 2 1 1 6

d d

y y
x y

x x
 = = = = + + =   

( )
3

3

d
12 8 8 1 1 30

d

y

x
= + + + + =  

( )
( ) ( ) ( )2 30 0 0

0
1! 2! 3!

y y y
y y x x x

  
= + + + + − − −  

2 3
1 2 3 5x x x= + + + + − − −  

 

Example 22 

Find y  in terms of x given that 
2

2

2

d d
4 4 e

dd

xy y
y

xx
− + =  and that 

d
1

d

y

x
=  and 0y =  at 

0x = . 

Solution  

2
1 2r 4r 4 0 r r 2− + =  = =  

2 2
p k e

x
y x=  

2 2 2
p 2k e 2k e

x x
y x x = +  

2 2 2 2 2
p 2ke 4k e 4k e 4k e

x x x x
y x x x = + + +  
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2 2 2 2 2 2 2 2 2 2 2
2ke 4k e 4k e 4k e 8k e 8k e 4k e e

1
k

2

x x x x x x x x
x x x x x x+ + + − − + 

 =
 

2 2 2 2
1 2

1
c e c e e

2

x x x
y x x= + +  

10 c=  

2 2 2 2 2 2
1 2 2 22c e c e 2c e e e c 1

x x x x x
y x x x = + + + +  =  

2 2 21
e e

2

x x
y x x= +  

 

Example 23 

a) Show that 
1

sin
2

x x  is a particular integral of the differential equation 

2

2

d
cos

d

y
y x

x
+ = . 

b) Hence find the general solution. 

Solution  

1
sin

2

1 1
sin cos

2 2

y x x

y x x x

=

 = +

 

1 1 1
cos cos sin

2 2 2
y x x x x = + −  

2

2

2

2

d 1 1
cos sin sin cos

2 2d

1
sin  is a particular integral of the 

2

d
differential equation cos

d

y
y x x x x x x

x

x x

y
y x

x

+ = − + =



+ =

 

2
r 1 0 r i+ =  =   
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1 2

1
c cos c sin sin

2
y x x x x= + +  

 

Example 24 

a) Given that etx = , show that 
2 2

2

2 2

d d d
e

dd d

ty y y

tx t

−
 

= −  
 

 

b) Hence show that the substitution etx =  transforms the differential equation 

2
2

2

d d
4 6 3

dd

y y
x x y

xx
− + =     (I) into 

2

2

d d
5 6 3

dd

y y
y

tt
− + =  (II) 

c) Hence solve II and find y in terms of x 

Solution  

d d d d d 1 d d

d d d d d d

y y t y y y y
x

x t x x t x t dx
=   =  =  

2 2

2 2

d d d d d d d

d d d d dd d

y y y x y y x
x x

t x t x tt x
=  =  +   

2 2
2

2 2

d d d
e

dd

ty y y

tt dx
 = +  

2 2
2

2 2

2 2
2

2 2

d d d
e

dd d

d d d
e

dd d

t

t

y y y

tt x

y y y

tx t

−

 
 − =  

 

 
 = −  

 

 

2 2
2

2 2

2

2

d d d d d
4 6 3 4 6 3

d d dd d

d d
5 6 3

d

y y y y y
x x y y

x t tx t

y y
y

dtt

− + =  − − + =

 − + =

 

2

2

2

d d
5 6 3

dd

r 5r 6 0

y y
y

tt
− + =

− + =

 

r 2,   r 3= =  
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p p pk 0y y y =  = =  

1
6k 3 k

2
=  =  

2 3
1 2

1
c e c e

2

t t
y = + +  

2 3
1 2

1
c c

2
y x x= + +  

 

Example 25 

Assuming that 
2 2

2 2

d d d
4 2

dd d

y y y
t

tx t
= +  

Show that the substitution 1 2x t= , transforms the differential equation  

2
2

2 2 2

2

d 1 d
6 16 4 e

d d

xy y
x x y x

x x x

 
+ − − = 
 

               (I) 

into the differential equation  

2
2

2

d d
3 4 e

d d

ty y
y

t t
+ − =                                           (II) 

Hence find the general solution of (I) giving y in terms of x. 

Solution  

d d d d
2

d d d d

y y t y
t

x t x t
=  =   

Substitute  

( )
2

2

2

2

2

2

2

2

2

d d 1 d
4 2 6 2 16 16 e

d d d

d d d d
4 2 12 2 16 16 e

d d d d

d d
3 4 e

d d

t

t

t

y y y
t t t ty t

t t tt

y y y y
t ty t

t t t t

y y
y

t t

   
+ + −  − =  

  

 + + − − =

 + − =

 

2 4

h
3 4 0 4,1 Ae Be

t t
r r r y

−+ − =  = −  = +  

2

p
Ce

t
y =  
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1
4 6 4 1

6
 + − =  =c c c c  

4 21
Ae Be e

6

t t t
y

− = + +  

2 2 24 21
Ae Be e

6

x x x
y

− = + +  

 

Example 26 

a) Find in the form ( )y f x= , the general solution of the equation: 
2 d

( 1) 1, 1
d

y
x xy x

x
− + =    

b) i) Given that 
u

y
x

= , show that 

2 2

2 2 2 3

d 1 d 2 d 2

dd d

y y u u

x xx x x x
= − +  

ii)Hence find the general solution of the differential equation 

2

2

d 2 d
25 0, 0

dd

y y
y x

x xx
+ + =   

Solution  

2
2

1
d ln( 1)

21 2 1

x
x x

xe e x
−

−


= = = −
 

2 1

2

1
1 d cosh

1
x y x x C

x

−− = = +
−


 

1

2 2

cosh
,

1 1

x C
y C R

x x

−

= + 
− −  

2 2

d

d 1 dd

d d

u
x u

y u ux

x x xx x

−

= = −

 

2
2

2 2

2 2 4

d d d
2

d dd d

d

u u u
x x xu

y xx x

x x x

− −

= −   
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2 2

2 2 2 3

2 2 2

2 2 2 2 3

1 d 1 d 1 d 2

dd d

d 1 d 2 d 2

d d d

u u u u

x x xx x x x

y u u u

xx x x x x

= − − +

 = − +  

( )

2 2

2 2 2 3 2

2

2

1 d 2 d 2 2 1 d
25 0

dd d

d 1
25 0 Acos5 Bsin 5 Acos5 Bsin 5

d

u u u u u u

x x x x xx x x x x

u
u u x x y x x

xx

   
− + + − + =  

  

 + =  = +  = +

 

 

Example 27 

a) Solve the differential equation:  exyy y − =  

b) Use the substitution 
1

z
y

=   to solve the differential equation 

22
2

2

d d
2 0

dd

y y
y y

xx

 
− − = 

 
 

Solution  

2

2

d ( 1) e d

e C
2

2 2e k, k R

x

x

x

y y x

y
y

y y

− =

 − = +

 − = + 

 

2

d 1 d

d d

z y

x xy
= −  

22 2

2 3 2 2

d 2 d 1 d

dd d

z y y

xx y y x

 
= − 

 
 

22

2 2 3

2

2

d 1 2 d 1
But 0 (from the given)

dd

d
0

d

y y

x yx y y

z
z

x

 
 − − = 

 

 + =

 

1 2(C cos C sin )z x x = +  

1 2

1

C cos C sin
y

x x
 =

+
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Example 28 

Find the general solution of 
2

2

d d
2 3 6

dd

y y
y

xx
+ − =  

Solution  

2
r 2r 3 0+ − =  

r 3,1 = −  

3
h 1 2C e C e

x x
y

− = +  

p 2y = −  

3
1 2C e C e 2

x x
y

− = + −  

 

Example 29 

a) Find in the form y = f(x), the general solution of the equation: ( )2 d
1 1,     1

d

y
x xy x

x
− + =   

b) i) Given that y
u

x
= , show that 

2 2

2 2 2 3

d 1 d 2 d 2

dd d

y u u u

x xx x x x
= − +  

ii) Hence find the general solution of the differential equation 

2

2

d 2 d
25 0,

dd

y y
y

x xx
+ + =  x > 0 

Solution  

( )2
2

1
 d ln 1

21 2e e 1

x
x x

x x
−

−


= = = −  

2 1

2

1
1 d cosh C

1
x y x x

x

−− = = +
−

  

 



51 

Example 30 

a) Show that the transformation y xv=  transforms the equation  

( )
2

2 2 5

2

d d
2 2 9

dd

y y
x x x y x

xx
− + + =   (I) 

into the equation 

2
2

2

d
9

d

v
v x

x
+ =      (II) 

b) Solve the differential equation II to find v as a function of x. 

c) Hence, state the general solution of the differential equation I. 

Solution  

y xv=  

d d

d d

y v
v x

x x
 = +  

and 
2 2 2

2 2 2

d d d d d d
2

d d dd d d

y v v v v v
x x

x x xx x x
= + + = +  

Substitute: ( )
2

2 2 5

2

d d d
2 2 2 9

d dd

v v v
x x x v x x y x

x xx

   
+ − + + + =       

 

2
2

2

d
9

d

v
v x

x
 + =  

2
9 0 3ir r+ =  =  

h Acos 3 Bsin 3v x x = +  

2
p C D Ev x x= + +  

2 2 1 2
2C 9C 9D 9E C ,D 0,E

9 81
x x x + + + =  = = = −  

21 2
Acos 3 Bsin 3

9 81
v x x x = + + −  
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31 2
A cos 3 B sin 3 ,  A and B

9 81
y x x x x x x = + + −   

 

Example 31 

Find the general solution of the differential equation 
2

2

d d
36

dd

y y
x

xx
+ = . 

Solution  

2
0

0, 1

r r

r

+ =

 = −
 

0
h Ae Be A Be

x x x
y

− − = + = +  

2
p C Dy x x= +  

p p2C D and  2C

2C 2C D 36

y x y

x x

 = + =

 + + 
 

2C D 0 and 2C 36 C 18 and D 36 + = =  = = −  

2
A Be 18 36

x
y x x

− = + + −  

 

Example 32 

2

2

d d
5 6 2e

dd

tx x
x

tt

−+ + =  

Given that 0x =  and 
d

2
d

x

t
=  at 0t = , 

a) find x in terms of t. 

The solution to part (a) is used to represent the motion of a particle P on the x-axis. 

At time t seconds, where 0t  , P is x meters from the origin O. 

b) Show that the maximum distance between O and P is 
2 3

9
 and justify that this 

distance is a maximum. 
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Solution  

2
5 6 0r r+ + =  

( ) ( )3 2 0r r+ + =  

3, 2r = − −  

3 2
h

p

Ae Be

Ce Ce 5Ce 6Ce 2e

t t

t t t t t

x

x

− −

− − − − −

 = +

=  − + =
 

C 1 =  

3 2
Ae Be e

t t t
x

− − − = + +  

0 A B 1

2 3A 2B 2B 1

= + + 


= − − − − 
 

3

A 1,  B 0

e e
t t

x
− −

 = − =

 = − +
 

3d
3e e

d

t tx

t

− −= −  

3

3 2

d
0 3e e 0

d

3e e e 3

ln 3

2

t t

t t t

x

t

t

− −=  − =

 =  =

 =

 

 

− + 

  

 −  

  0 

0 

ln 3

2
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3 ln 3
ln 3

2 2
maxP e e

1 1 2 2 3

93 3 3 3 3

− −
= − +

= − + = =

 

 

Example 33 

a) Solve the differential equation: exyy y − =  

b) Use the substitution 
1

z
y

=  to solve the differential equation 

22
2

2

d d
2 0

dd

y y
y y

xx

 
− − = 

 
. 

Solution  

( )1 e
x

y y − =  

( )
2

1 d e d

e C,  C
2

x

x

y y x

y
y

− =

 − = + 
 

2

d 1 d

d d

z y

x xy
= −  

22 2

2 3 2 2

d 2 d 1 d

dd d

z y y

xx y y x

 
= − 

 
 

2

2

Substitute in the given you get

d
0

d

z
z

x
+ =

 

1 2C cos C sinz x x = +  

1 2
1 2

1
,   C ,C

C cos C sin
y

x x
 = 

+
 

 

Example 34 
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Given that 2y =  at 0x =  and 
d

5
d

y

x
= −  at 0x = , find y in terms of x, if given further 

that 
2

2

d d
2 3

dd

y y
x

xx
+ = + . 

Solution  

2
0

0, 1

r r

r

+ =

= −
 

0 1
h 1 2C e C e

x x
y

−= +  

2
p A B Cy x x= + +  

p p2A ,   2A

2A 2A B 2 3

A 1,B 1

y x y

x x

 = =

 + + = +

 = =

 

2
1 2C C e

x
y x x

− = + + +  

1 2

2

C C 2

C 1 5

+ = 


− + = − 

2

1

C 6

C 4

= 
 

= − 
 

2
6e 4

x
y x x

− = + + −  

 

Example 35 

Transform the equation 
2

2

2

d
2 0

d

y
x y

x
+ + + =  to 

2

2

d
1 0

d

t

x
+ = , by means of the 

substitution 2y t x= − , and hence find the general solution. 

Solution  

d d
2

d d

y t
x

x x
= −  

2 2

2 2

d d
2

d d

y t

x x
= −  
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2
2 2

2

d
2 2 0

d

t
x t x

x
 − + + − + =  

2

2

d
0

d

t
t

x
 + =  

Acos Bsint x x = +  

2
Acos Bsiny x x x = + −  

 

Example 36 

Given that 
u

y
x

= , show that 
2 2

2 2 2 3

d 1 d 2 d 2

dd d

y u u u

x xx x x x
= − + . Hence find the general 

solution of the differential equation 
2

2

d 2 d
25 0,   0

dd

y y
y x

x xx
+ + =  . 

Solution  

2

d

d d

d

u
x u

y x

x x

−

=  

2
2

22

2 4

d d d d
2

d d ddd

d

u u u u
x x x x u

x x xxy

x x

   
+ − − −       

 =  

2
3 2

2

4

d d
2 2

dd

u u
x x xu

xx

x

− +

=  

2

2 2 3

1 d 2 d 2

dd

u u u

x xx x x
= − +  

Substitute in the given equation we get 

2

2

d
25 0

d

u
u

x
+ =  

Acos5 Bsin5u x x = +  

( )
1

Acos Bsin ,  A,By x x
x

 = +   
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Example 37 

2
2

2

d d
0

dd

y y
x y

xx
+ + = , with 2y =  at 0x =  and 

d
1

d

y

x
=  at 0s =  

a) Use the Taylor series method to express y as a polynomial in ascending powers of 

x up to and including the term in 3x . 

b) Show that at 0x = , 
4

4

d
0

d

y

x
=  

Solution  

3 2
2

3 2

d d d
2 0

dd d

y y y dy
x x

x dxx x
+ + + =  

2

2

d d
at 0,  2,  1,  2,

d d

y y
x y

x x
 = = = = −  

3

3

d
1

d

y

x
= −  

2 3

3
2

2
2

2! 3!

2
6

x x
y x

x
y x x

 = + − −

 = + − −

 

4 2 2 3 2
2

4 2 2 3 2

d d d d d d
2 2 2 0

dd d d d d

y y y y y y
x x x

xx x x x x
+ + + + + =  

4

4

4

4

d
2 0 0 0 2 0

d

d
0

d

y

x

y

x

 + + + + − =

 =

 

 

Example 38 

Solve the differential equation 
2

2

d
4 0

d

y
y

x
+ =  given that 2y =  and 

d
1

d

y

x
= −  at 0x = . 

Solution  

2
4 1 0r + =  
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1
i

2
r =   

1 2

1 1
C cos C sin

2 2
y x x= +  

1when 0 and 2 2 Cx y= =  =  

1 2

2 2

d 1 1 1 1
C sin C cos

d 2 2 2 2

1
1 0 C C 2

2

y
x x

x
= − +

 − = +  = −

 

1 1
2cos 2sin

2 2
y x x= −  

 

Example 39 

Determine the general solution of 
2

2

d d
4 5 8sin

dd

y y
y x

xx
− + =  

Solution  

2
4 5 0 2 ir r r− + =  =   

( )2
1 2e C cos C sin

x
y x x= +  

P Acos Bsiny x x= +  

P Asin Bcosy x x = − +   

P Acos Bcosy x x = − −   

( ) ( )

Acos Bsin 4Asin 4Bcos 5Acos 5Bsin 8sin

4A 4B cos 4B 4A sin 8sin

x x x x x x x

x x x

− − + − + + 

− + + 
 

4A 4B 0
A B 1

4A 4B 8

− = 
 = =

+ = 
 

( )2
1 2e C cos C sin cos sin

x
y x x x x= + + +  
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Example 40 

Find the general solution of the differential equation 
2

2

d d
5 6 36

dd

y y
y x

xx
+ − =  

Solution  

2
5 6 0r r+ − =  

1,  6r r = = −  

6
1 2 PC e e

x x
y C y

−= + +  

P a b,   y x= +  

a,   y =  

P 0y =  

5a 6a 6b 36 6a 5a 6b 36x x x x− − =  − + − =  

6a 36 a 6− =  = −  

5a
b 5

6
= = −  

6
1 2C e C e 6 5

x x
y x

−= + − −  

 

Example 41 

Given that lnx t= , 0t   and that y is a function of x 

a) Find 
d

d

y

x
 in terms of 

d

d

y

t
 and t 

b) Show that 
2 2

2

2 2

d d d

dd d

y y y
t t

tx t
= +  

c) Show that the substitution lnx t=  transforms the differential equation 

( )
2

2 2

2

d d
1 6e 10 e 5e sin 2e   

dd

x x x xy y
y

xx
− − + =  (I) into the differential equation 

2

2

d d
6 10 5sin 2

dd

y y
y t

tt
+ + =  (II) 
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d) Hence find the general solution of (I) giving your answer in the form ( )y f x=  

Solution  

d d d d 1 d

d d d d 1 d

y y t y y
t

x t x t t t
=  =  =  

2 2

2 2 2

2

2 2 2

d d d d 1 d 1 d 1 d 1

d d d d dd d

1 d 1 d

d d

y y y y y

t t t t x x t tt t x

y y

xt t x

−   
= = =  +    

   

−
=  + 

 

2 2

2 2 2 2

2 2 2
2 2

2 2 2

d 1 d 1 d

dd d

d d d d d

d dd d d

y y y

xt t t x

y y y y y
t t t

x tx t t

 + =

 = + = +

 

( )
2

2 ln 2ln 2ln ln

2

2
2 2 2 2

2

2

2

d d d
1 6 10 5 sin 2

d dd

d d d d
6 10 5 sin 2

d d dd

d d
6 10 5sin 2

dd

t t t ty y y
t t e t ye e e

t tt

y y y y
t t t t t y t t

t t tt

y y
y t

tt

 
+ − − + = 

 

 + − + + =

+ + =

 

2
6 10 0

3 i

r r

r

+ + =

= − 
 

( )3
h 1 2e C cos C sin

t
y t t

− = +  

p Asin 2 Bcos 2 ,  y t t= +  

p pfind  and 

and susbtituting in the equation we get

1
A ,  

6

y y 

=

 

1
B

3
= −  

( )

( )

3
1 2

3e
1 2

1 1
e C cos C sin sin 2 cos 2

6 3

1 1
e C cose C sine sin 2e cos 2e

6 3

x

t

x x x x

y t t t t

y

−

−

 = + + −

 = + + −
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Example 42 

Given that 
2

2

d d
2 3

dd

y y
x

xx
+ = +  and y = 2 at x = 0 and 

d
5

d

y

x
= −  at x = 0, find y in terms of x. 

Solution  

r2 + r = 0  r = 0, –1  

0
n 1 2 1 2C e C e C C e

x x x
y

− − = + = +  

2
p a by x x= +  

 2a + 2ax + b  2x + 3 

 a = 1  

and b = 1 

 y = x2 + x + C1 + C2e–x  

y = 2 at x = 0 

 C1 + C2 = 2  

d
5  at  x=0

d

y

x
= −  

 −5 = 1 − C2 

 C2 = 6  

C1 = −4 

 y = x2 + x + 6e–x – 4 

  

Example 43 

2

2

d d
4 5 65sin 2 ,   0

dd

y y
y x x

xx
+ + =   

Find the general solution of the differential equation. 

Solution  
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2
4 5 0r r+ + =  

2 1 2 ir = − − = −  

( )2
h e Mcos Nsin

x
y x x

− = +  

p Asin 2 Bcos 2y x x= +  

p 2Acos 2 2Bsin 2y x x = −  

p 4Asin 2 4Bcos 2y x x = − −  

4A 8B 5A 65
A 1,

4B 8A 5B 0

− − + = 
 =

− + + = 
 

B 8= −  

( )2
sin 2 8cos 2 e Mcos Nsin

x
y x x x x

− = − + +  

 

Example 44 

2
3

2

d d
6 9 4e ,    0

dd

ty y
y t

tt
− + =   

a) Show that 2 3K e tt  is a particular integral of the differential equation, where K is a constant to be 

found. 

b) Find the general solution of the differential equation. 

Given that a particular solution satisfies y = 3 and 
d

1
d

y

t
=  when t = 0, 

c) Find this solution. 

Solution  

3 2 3
2K e 3K e

t t
y t t = +  

3 3 3 2 3
2Ke 6K e 6K e 9K e

t t t t
y t t t = + + +  

Substitute you get  K 2=  
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2
6 9 0 3r r r− + =  =  

( )3
h e A B

t
y t = +  

( ) 3 2 3
A B e 2 e

t t
y t t = + +  

A 3  =
 

( )2 3
B 8 3 8 2 e

t
y t t= −  = − +  

 

Example 45 

i) Given that 
u

y
x

= , show that 

2 2

2 2 2 3

d 1 d 2 d 2

dd d

y u u u

x xx x x x
= − +  

ii) Hence find the general solution of the differential equation  

2

2

d 2 d
25 0,  0

dd

y y
y x

x xx
+ + =  . 

Solution  

u
y

x
=

 

2 2

d

d 1 dd

d d

u
x u

y u ux

x x xx x

−

= = −  

2 2

2 2 2

d 1 d 1 d

dd d

y u u

x xx x x
= − + −  

2

4

d
2

d

u
x xu

x

x

−

−  

2

2 2 2 3

1 d 1 d 1 d 2
=

d dd

u u u
u

x x xx x x x
− + − +  

2

2 2 3

1 d 2 d 2
=

dd

u u u

x xx x x
− +  
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2

2 2 3 2 3

1 d 2 d 2 2 d 2 25
0

d dd

u u u u u u

x x x xx x x x x
− + + − + =  

2

2

d
25 0

d

u
u

x
 + =  

1 2C cos5 C sin5u x x = +  

1 2C cos5 C sin5yx x x = +

 

 

Example 46 

2
2

2

d d
e 2 1

dd

xy y
y y

xx

 
= + + 

 
 

a) Show that 

23 2
2

3 2

d d d d
e 2 2 k 1

d dd d

xy y y y
y y y

x xx x

  
 = + + + +    

 

where k is a constant to be found. 

Given that 0x = , 1y =  and 
d

2
d

y

x
=  

b) Find a series solution for y in ascending powers of x, up to and including the term in 3x . 

Solution  

2
2

2

d d
e 2 1

dd

xy y
y y

xx

 
= + + 

 
 

23 2
2

3 2

22
2

2

d d d d d
e 2 1 e 2 2 2

d d dd d

d d d
e 2 2 4 1

d dd

x x

x

y y y y y
y y y y

x x xx x

y y y
y y y

x xx

    
= + + + + +    

     

  
 = + + + +    

 

k 4 =  

( )
2

0

2

d d
0,  1,  2,  e 2 2 1 1 6

d d

y y
x y

x x
 = = = = + + =   

( )
3

3

d
12 8 8 1 1 30

d

y

x
= + + + + =  

( )
( ) ( ) ( )2 30 0 0

0 ...
1! 2! 3!

y y y
y y x x x

  
= + + + +  

2 3
1 2 3 5 ...x x x= + + + +  
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Differential Equations Practice Questions 

Test 

 

1. The general solution of 4 5 0y y y − − =  is 

[-A-] 5
Ae Be

x x
y = +  

[-B-] 5
Ae Be

x x
y

−= +  

[-C-]  2
e Acos Bsin

x
y x x= +  

[-D-] 5
Ae Be

x x
y

−= +  

[-E-]  2
e Acos 2 Bsin 2

x
y x x= +  

 

2. The general solution of 4 0y y + =  is 

[-A-] ( )A cos 2 By x= +  

[-B-] 2 2
Ae B e

x x
y x= +  

[-C-] Acos 2 Bsin 2y x x= +  

[-D-] 
4

Ae B
x

y
−= +  

[-E-] 
2 2

Ae Be
x x

y
−= +  

 

3. A particular solution of the non-homogenous linear differential equation 23 2 2 4y y y x x + + = +  

is 

[-A-] 2
y x x= −  

[-B-] 2 1
2

2
y x x= + +  

[-C-] 2 1

2
y x x= − +  

[-D-] 
2

e e
x x

y
− −= +  

[-E-] 2 1
e

2

x
y x

−= + −  
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4. A particular solution of 4 3cosy y x − =  is 
3

cos
5

x
−

. The general solution of the equation is 

[-A-] 2 2 3
Ae B e cos

5

x x
y x x= + −  

[-B-] 4 3
A Be cos

5

x
y x= + −  

[-C-] 2 2 3
Ae Be cos

5

x x
y x

−= + −  

[-D-] 
3

Acos 2 Bsin 2 cos
5

y x x x= + −  

[-E-] None of the above 

 

5. The general solution of 2 4y y − =  is 

[-A-] 2 Cy x= − +  

[-B-] 2
2 Ae B

x
y x= − + +  

[-C-] 2
Ae B

x
y = +  

[-D-] 2 2
2 Ae B

x
y x= + +  

[-E-] None of the above 

 

6. If 
d

k
d

x
x

t
=  and if 2x =  when 0t =  and x =  6 when 1t = , then k =  

 [-A-] ln4  

 [-B-] 8 

 [-C-] 3
e  

 [-D-] 3 

 [-E-] none of the above 

 

7. If ( )y f x=  is a solution of the differential equation 2exy y − =  and if ( )0 3f = − , then ( )1f =  
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[-A-] e−  

[-B-] 2e−  

[-C-] 
3

e

−
 

[-D-] 
3 e

e

+
 

[-E-] 1−  

 

8. The general solution of 4y y + =  is 

[-A-] 4 Cy x= +  

[-B-] 4 Ae B
x

y x
−= + +  

[-C-] 4 Ae B
x

y x= + +  

[-D-] 4 Acos Bsiny x x x= + +  

[-E-] 4 Ae Be
x x

y x
−= + +  
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