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VJIK 517.9

A.B. Quuypun

O CYINECTBOBAHWH OBIIUX UHTEI'PAJIOB
CIHEHIMAJIbBHOHU ®OPMBbI
Y YPABHEHUA ABEJIA ITIEPBOI'O POJA

PaccmaTpuBaeTcss METOJ MOCTPOSHHUS OOILIEr0 WHTErpaja CHeHdalbHOW (DOPMBI IS HEIUHEHHOTO
T epeHIIaTbHOT0 YpaBHEHUsT BTOpOro mopsiaka. [lomydeHbl aBa Ko3((UIMEHTHBIX COOTHOIICHUS, HPHU
BBIMOJIHCHUH KOTOPBIX pPacCMaTpUBAcMOC ypaBHCHHWE WMECT 3aJaHHbId o0mmii uHTerpan. CymiecTByer
PEIYKIHsI, TO3BOJISIONIAS CBECTH HEIMHEHHOE ypaBHEHHE BTOPOTO MOPsIKA K YPaBHEHUIO AOest MepBoro poja.
Jlyiss 3TOTO ypaBHEHHsS TaKXKe MPUBOAATCS KOI(D(DHUIIMEHTHBIC COOTHOIICHHUS, MO3BOJIIONIME MOCTPOHUTH €ro
o0mmmii uHTerpaj. PaccMOTpeHbI [Ba MpUMEpa, WUTIOCTPUPYIOIIME MPUBOAMMYIO TEXHHUKY. YKa3aHa HICs
0000I11IeHUs TaHHOTO MeTo1a Ha AudhepeHIInaTbHbIC YPaBHEHUS 00Jiee BRICOKUX MOPSAKOB.

B pabote [1] O6bU1 mpuBeeH METO MOCTPOSHUSI HEMMHEWHOTO Au(QepeHnaIbHOro
YpaBHEHHsST BTOPOTO TMOpPsAKA, OOMIMA HMHTErpall KOTOPOTO HMEET CICHUAIBHBIA BH]I.
B nannol ctaThe IPUBOIUTCS MOJEPHU3AIIMS 3TOIO METOJIa U CTPOSATCS MPUMEPHI. B nepByto
ouepesib OTMETUM, YTO HOJYyYEHHBIE Pe3yIbTaThl UCIONb3YIOTCS 3aTE€M JJIi UHTETPUPOBAHUS
ypaBHeHus AOenst mepBoro poaa [2]. OteickaHue K03()PHUIMEHTHBIX COOTHOIICHUH, MpU
BBIITOJIHEHNH KOTOPBIX ypaBHeHHE AOens WHTErpupyercs B 3aMKHYTOH (opMe BaxKHO
HE TOJBKO C TEOPETHYECKON TOYKH 3pEHHUS, HO M C TOYKHU 3PEHHUS MHOTOYHCICHHBIX
NPUIIOKEHUH 3TOr0 ypaBHeHHs. HeKOTopbie Takue MPUIIOKEHHs IPUBEICHBI B paboTtax [2-5].
Cama mocTtaHOBKa 3afaud sBiseTcs kiaccuueckoi. Hampumep, B pabore [6] mpuBeneHa
cienyromas ee popmynupoBka: «3agaBas Bua 1udPepeHIInaIbHOr0 YpaBHEHUSI, HEOOXO0IUMO
UCKaTh JUIS OSTOTO YpaBHEHWsI pa3IU4Hble (QOpMBI O0OIIEro WHTErpala U  yCIOBHS
CYIIIECTBOBAHUS ATUX (POPM.

PaccMmoTpuMm cienyromyro GpyHKIU0

?3(X) = Cp 1 (x) exp (A1 Y(X))+Cy 0o () eXp( 2, Y(X)), 1)

rae G (i=12)— npomnssombrble moctostHubE, @j (] =1,2,3) —NpON3BONIBHEIE, OTIMYHBIE

OT HyJIsl, aHanmuTH4Yeckue GpyHkuuu; 4y, A, — HEKOTOpbIe HOCTOSTHHBIE.

ChopmynupyeM ciaeayrolnyro 3a1ady: Hautu quddepeHiuanbHoe ypaBHEHHE BTOPOTO
nopsiaka, oOmui wHTEerpan kortoporo umeer Bua (1). CBemeM MOCTPOEHHOE ypaBHEHHUE
BTOPOTO TIOpSAJKA K YpaBHCHHIO AOeNns W yCTaHOBUM IS IIOCICTHETO BHJ OOIIEro
WHTETpaa.

Teopema 1. Vpasuenue

Ay'+B,y?+B,y?+B,y+B, =0 )
umeem oowUll UHMe2pan 8U0a
C, e><p(/71 y—J’ndx)+C2 exp(/12y+I§dx):l, 3)
€CJIU 8bINOJIHAIOMCA YCI06UA
Bi[(zl2 — A, + 2,0 )A? +3(B,B, + B,A—AB,") - B,’]1=0, (4)
0

A% =827 2, =3, A,  +2 2, N =3(A° -4, A4, +4,°) A2 B, +
+B,’+9B, (B/A- A'B,—3B, B,)=0 (5)
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u umerom mecmo COOmHOUIeHUA

_h(n g _ Ao _
5—380(81 (A, —24) A) ’7‘330( B, + (4, —24,) A). (6)

Hoxazamenvcmeo. lponuddepennupyem (1)
?;'=C (4 ¢, Y+o,") ep (ﬂq y)+C2 (4, 0, Y+@,") e (/12 y)- @)
PaccmoTpum cuctemy ypaBuenwii (1), (7), KoTopasi, OYE€BUIAHO, ABISETCSA JTMHCHHOM

otHocuTenbHO HeusBecTHbIX C, u C, . Pemas ee, noinyuum

D203 =220, 05Y =P, @5 e C. = PP =P Py =P Py o (8)

e+ (=)o Y00, 00,4 — )00,V 0,0,

[Mpomuddepenuupyem (/) u moxactaBuM coorBercTBeHHO BMecto C; u C,
ux 3HaueHus u3 (8). Ilocne mpeoOpasoBaHmii MOTyYEeHHOE ypaBHEHHE MPUMET BUJ (2), Tae
ko3¢ punmentsl A By, B, B,, B, onpenensiorcs cornacHo popmynam

A=2,0.0,' 03 = 0, (4,0, 03 + (4, — 4,)0105") . By =44, (4 —4,) 910,05,
B, =24,4,0:(0,0,"-0.0,") + /122(P2 (P05 —30,") + 2’12¢1 (20, 0,05"), )
B, =24,0:0," 0:+03(2(4, — L)0' 0, + 40,0 "= 20100, ) + 0, (240, 03 H A — 4,) o)
By =:(0." 0,0, 0,"") + 0, (0. "=, 03") + 01 (9, 03—, 3").
Wunorna ypaBHenuwe Buna (2) Ha3pBatoT (cM. Hamp. [7, c. 255]) ypaBHeHHEM

reoae3NYeCKuX JIMHUH.
BBeneMm B paccMoTpenue GyHKIIUU

0, @5 o @
(=22 == w=0,0,0,. (10)
(2 Qs @

VYuuTtsiBas paBeHctBa (10), nepenuriem cootHomenus (9) B Bume
A=A+ 48y By =44, (4 -4,) v,
B, = (A, n+ 4"~ 24,2, +E)w (11)
B, =(4, (0" +2n& —n') = A (2nE +&% + &y,
By = ("8~ &n'+n(&” + &y -
U3 BTOporo paBeHcTBa cucteMbl (11) BeIpazuM (QYHKIHMIO I/ U HOJCTaBUM B IEPBOE

U TPEThE ypaBHEHUsT JTOW cucteMbl. [lomyueHHas cucrema SBISETCA JIMHEMHOU
OTHOCHUTEIIbHO NepeMeHHbIX & U 77. PemnM ee OTHOCUTEIBHO 3THUX MEPEMEHHBIX

£= 12 (A@A~1,)+B,), 0= (A, ~24,)-B)). (12)
3b, 3b,
[ToncraBum 3atem ¢yukuuu (12) B uerBeproe U msATO€ ypaBHEHUs cucTeMbl (11).
[Tocie mpeoOpa3oBaHuii MOTYYUM COOTBETCTBEHHO cooTHomeHus (4) u (5).
Wuterpan (1) moxHO mepernmcath B Buie (3), €CiaM BOCIOJIB30BATHCSA IEPBHIM
U BTOPBIM ypaBHeHHUsIMU cucTeMbl (10). U.t.a.

Teopema 2. Vpasuenue Abens nepsoeo pooa

Az'+B,z° +B,z° +B,z+B, =0, (13)
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koapuyuenmor komopoeo A, By, B, By, By yoosremsoparom coomnowenuam (4), (5),

umeem ooOwUll uHmMe2pal 8uodd
e% y77 _ ngefﬂdxﬂfd“/lz y
2= 1e"Y 1+ Caelniiduy (14)

C .
20e CE—Z_ npou3B0JibHAsl  NOCMOAHHAA, NepeMeHHas Y C8A3aHa C NepeMeHHOU

X coomnowenuem (3), a pynkyuu &, n onpedensiromes no popmynam (6).

Hoxazamenvcmeo. Cnenyer W3 JOKa3aTeNbCTBA TEOPEMBbI |, a MMEHHO: MPHUMEHSA
K YpaBHEHUIO (2) OYEBUIHYIO 3aMEHY

y'=2, (15)
nosyuuM ypaBHenue (13).
Huddepenuupys 3arem (3) mo X u moactasnss Y' B cooTHouieHue (15), momydaem
obmiee pemenue (14) B mapamerpuueckoit hopme, B kotopom C = lelCz.
IIpumep 1. PaccmoTpum ypaBHeHue (2), y koroporo ko3 dunuentsl A, B, B, umeror
BUJI

A=x,B, =ax”,B, =’ (a, B,y,6 —const; B # 2,6 # f—1). (16)

[ToncraBum cootHomeHus (16) B paBerctsa (12) u onpenenum GQyHKIUU EU 7

:ﬂzxiﬁO’X& +(211_/12)X) nzﬂleﬁ((ﬂl—le)X—yXé)
3o ’ 3o '

Hasnee noxactasisiem (16) u (17) B paBerctsa (4) u (5) u mosy4aeM ypaBHEHHS, U3 KOTOPBIX
Haiinem Qynkuuu B,, B,

XX +3a(B-DX — (A7 — A A, + 4,°)XP)

4 A7)

B, (18)
3a
- X (o (X% +9a(8 -1)x” +22.°%° =3p4, X" +22,°x° X
: 3a
30,2, (" = A, X)X? =32, X2 (° + A,X)
3a '

YuuteiBas Bux QyHkumii éuw op (17), 3anummem oOmui wuHTerpan ypaBHeHHS (2)
¢ ko durmentamu (16), (18)
ﬂlxlﬁ( 7)(6 + 4 _Zﬂz)xj Aleﬂ[ 7’)(5 _ (24 _ﬂz)xj
1-B+65 B2 1- B+ B2
+C,exp| A,y + 1
3a 3a

C,exp| 4y +

ITpumep 2. Paccmotpum ypaBHeHue (2), y kotoporo koapduuuentsr A, By, B, nmeror
BUJI

A=X,B, =ax®,B, = (a, y—const). (19)

[ToncraBum cootHomenus (19) B pasenctsa (12) u onpeaenum pyakuuu & u n
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:ﬂ“zx_ﬂ(ﬂa"‘(Zﬂﬂ_ﬁ“z)x) n:llx_ﬁ((ﬂ*l_Z/Iz)X_”((s)
3o ’ 3o '

Hanee noacrasisiem (19) B paBenctsa (4) u (5) 1 monyyaeMm ypaBHEHHS, U3 KOTOPBIX HaiaeM
bynxuuu B,, B,

4 (20)

Ba+yt -+ A, - A,

B, 3 : (21)
o
B _ 20° +34,(y = ) = 30" (y + A) + (¥ = 1) ( +24,)
3 27a%x '

VuureiBas Bua Gyakuuid Eu o (20), 3anumiem oOummii MHTErpai ypaBHeHUs (2)

¢ koapdurmentamu (19, (20) B Buze

A, Inx(24, =4, +7)
3o

A, Inx(24, — 4, + y)j 4
3a o

C, exp(/lly+ ]-FCZ exp(/lzy+

ITocTporM HECKOIBKO MHTErPAIBHBIX KPUBBIX 3TOr0 cemencTBa. [1onoxum
C,=1C,=2,a=1y=1
U Bo3pMeM ueTsipe Habopa ( A,, 4, ), COOTBETCTBEHHO paBHbIE HAOOPaM
1,2), @1 -2),(-1,2), (1 -2).

CooTBeTcTByIOIIME HWHTErpadbHbie KpuBbie i (I = 1, 2, 3, 4) Oyayr ompeaesTbes
COOTBETCTBEHHO COOTHOIIIEHUAMU

e'x?3(2e¥ +x**) =1, e P'x 32+ x%¥) =1,
x2(e” +2e?)=1, e¥ =2eVx "% + x?¥3, (22)

I'paguku 3TUX KpUBBIX MNpUBEAEHBl Ha pucyHke |. OTMETHM CyIIeCTBOBaHME TOYEK
HEEeJIMHCTBEHHOCTH.

PucyHok 1 — MHTerpanbHHEe KpUBEHE,
onpegensieMsle ypaBHeHusMu (22)
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3ameuanue 1. 3BectHo (Hanpumep [2 ;4]), 4ro ecnu nHBapuaHT JIMyBUILISA

' 2
1(x)=f, + ta —L+2 f2 -
3f, ) f, = 271,

paBeH HYJI0, TO ypaBHeHHE AOemns

2'=f,2° + f,2° + fz+ f, (23)
pa3peuumo.
Koaddurmentst ypauenuii (13) u (23) cBsA3aHBI COOTHOIICHUSIMH
B B B B
fSE—KO, fzz—xl, flE—Kz, foz—f.

yLII/ITBIBaﬂ 9TO, MO>KHO YTBep)KI[aTL, qTO €CJIIN
B.) 2AB2 B, B
I(X)E( 1]_ T 50
3B,) 2787 B, A
TO ypaBHEHHE (2) TaK)Ke HHTETPUPYETCs B KBAIpaTypax B 3aMKHYTOM BHJIE.

O0600mMM HalM pacCyKIeHHUs Ha ypaBHEHHs MOpsjaka, Bbilie BTOporo. [IpuBeaem
paccyxaeHusl Ul ypaBHEHHsSl TpeThero nopsaka. Jlias 3Toro paccMOTpUM  CIEIYHOILYIO

byHKIHIIO

»,(X)=F(o,0,,0;,Y.C,,C,,Cy), (24)
re

F=C,o 00(4y)+C, 0, ©0(2, y)+C, 0, 00(4, y), (25)

u C; (i=12,3) —npoussosnbHble MOCTOSAHHBIE, @; (] =1,_4) —IPOU3BOJIbHBIC AHATUTHUYECKHUE
¢Gyakuum aprymenra X . Haiinem ¢,'(X) u ¢,"" (X) , npoguddepenimposas (24)

p,'=F' ., 0,"=F"_. (26)

Cucrema (24)—(26) siBnsiercst TMHEHHOM oTHOCUTENFHO HensBecTHBIX Cj, Cy, C;. Pemmm oty

CHCTEMY M NOACTaBUM HaiineHHble 3HadeHus Ci, C,, C; B ypaBHEHUE

¢4Ill= FIIIXXX .
[Tocne BrIMONHEHN HEOOXOIMMBIX IPE0OpPa30BaHUM, TOCIEIHEE YPABHEHUE IPUMET BH/T
3 ) 6 _
(E, y*+E, y+Eg) y"'+(D, y'+Dy,) y"2+(z B, Y"j y+Y Ay =0, (27)
i=0 i=0

rie  E, E,Ey DDy B (i=03),A (i=06)— dymxumn or ¢ (x) (k=1234)
U MX TIPOU3BOIHBIX.

3ameuanue 2. YpaBHenue (27) ¢ momoimipio 3aMeHbl (15) CBOIUTCS K YpaBHEHHIO
BTOPOTO TIOPSI/IKA BUIA

3 6
(E,z2° +E, z+E,) 2"+(D, 2+ Do)z'2+(ZBi zi]z'+ZA 7' =0. (28)
i=0 i=0

Takum o0pazom, mociie MOJy4eHHs YCJIOBHI CyIIEeCTBOBaHWS HHTerpaia Buaa (25) ans
ypaBHEHHUS (27) Nerko MoJy4uTh yCIOBUS HHTETPUPYEMOCTH ypaBHEeHHUs (28).

3ameuanue 3. IlpumeHsss  UCHONB3yeMBIH  METOH,  MOXHO  IIOJIYYHUTh
I depeHraabHble YpaBHEHHUsI YETBEPTOrO U 0Oosiee BBICOKOIO IMOPSJIKOB, Ul KOTOPBIX
o0mIMii UHTETpa UMEeT BUT



