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APPROXIMATION OF FUNCTIONS FROM THE CLASS C g’ o
BY POISSON INTEGRALS IN THE UNIFORM METRIC

T. V. Zhyhallo and Yu.I. Kharkevych UDC 517.5

We obtain asymptotic equalities for upper bounds of deviations of the Poisson integrals on the class of
continuous functions C .00 in the metric of the space C.

1. Statement of the Problem and Auxiliary Assertions

Let f(-) be a 2m-periodic Lebesgue-summable function (f € Lj). The Poisson integral of the function f
is introduced (see [1, p. 154] or [2, p. 161]) as the function P(p; f; x) defined by the equality

T
1  JE—
P(p;f;x):;/f(t+x){5+z,okcoskt}dt, 0<p<l.
e k=1

1/8

Setting p = e~ /%, we represent the Poisson integral in the form

b4
1 1 &
Ps(f:x)zgff(t—i-x){i—kZe_k/‘scoskt}dt, 5> 0.
- k=1

In the present paper, we consider the class C /;p oo Introduced by Stepanets (see, e.g., [3-6])), which is defined
as follows: Assume that a function f belongs to L; and its Fourier series has the form

ag

o0
> + Z(ak coskx + by sinkx).

k=1

Let ¥ (k) be an arbitrary function of a natural argument and let 8 be a fixed real number. If the series

]; 7 tk) (ak cos (kx + %) + by sin (kx + %))

is the Fourier series of a certain function ¢ € Lj, then ¢ is called the (v, 8)-derivative of the function f and is

denoted by fﬂw (). Let LZ denote the subset of all functions f € L; thathave (v, B)-derivatives. If f belongs
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to Lg and fﬁv’ belongs to I, It C Ly, then one says that f belongs to Lgfﬁ. The subsets of continuous
functions from Lg and Lgiﬂ are denoted by Cg’ and C /_:3// N, respectively. Further, if 9t coincides with the unit
ball of the space Lo, i.€.,

N = {fﬂ'/’ € Loo:esstsup}fﬂw(tﬂ < 1},

then the classes C l;/f N are denoted by C v

B,oo"
In the present paper, we study the asymptotic behavior of the quantity

e(Chuits) = s 170 Pofiole v

fecy

as § — o0.

Following Stepanets [6, p. 198], we call the problem of finding asymptotic relations for quantity (1) as § — oo
the Kolmogorov—Nikol’skii problem for Poisson integrals on the class C ;3” oo N the uniform metric.

Let 9t denote the set of functions ¥ (-) that satisfy the conditions

M= WO YO > 0. Y1) =29 (1 +12)/2) +¥(12) 20 Vi1 € [1.00).  lim v(1) = 0}.

Let M denote the set of functions ¥ € IN for which
o0
t
/ @dl < 00.
1

Using the characteristics

LY @)

n@) =n:t) =y — pu(t) = pu(y;t) = 2

n(t)—t’

where ¥ 1 is the function inverse to ¥, one customarily considers (see, e.g., [5, p. 93] or [6, p. 160]) the following
subsets of the set N :

Mo ={Yy eM: 0<pu(y:;t) <K Vi =1},

Me={YeM: 0<K; <u@;t) <Ky Vt > 1},

Moo ={Y eM: 0< K <pu(¥;t) <oo Vt=>1}.

Here and in what follows, K and K; denote constants, generally speaking, different in different relations and
dependent on .
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Note that, for functions ¥ € EIR;) (im/o = Mo NM) slowly decreasing to zero, i.e., for functions ¥ such
that

lf Y(t)dt = oo,

the Kolmogorov—Nikol’skii problem was solved in [7]. The aim of the present paper is to find asymptotic equalities
for upper bounds of deviations of Poisson integrals on the classes C gf o for B € R in the cases where ¥ € Mc
and ¥ € Mo, i.e., for functions ¥ (¢) that decrease to zero as ¢ — oo faster than the function 1/¢, which
determines the order of saturation of the linear approximation method generated by the operator Pg.

If the Fourier transform

1 o0
T(t) =15() = — / 7(u) cos (ut + ,3771) du 3)
s
0
of the function t(-) defined by the equalities
1 1
(l—e_”)%, Ofufg,
() =5 y) = “)
—uy ¥ (8u) 1
(1—e™) ,ouU> -
¥ (8) 8
is summable on the entire number axis, i.e., the integral A(7)
[e.e]
A) = / 40| dr 5)

is convergent, then, for any f € C ;3/, oo the following equality holds at every point x € R:

+o00
f() = Ps(f3x) = ¥(9) / 1y (x + %) t5(t)dt, 6> 0. ©6)

Note that, relation (6) can be obtained by repeating the arguments used in [6, p. 183]. Thus, to find asymptotic
equalities for quantity (1) as § — oo in the case where ¥ € M, ¥ € M, and B € R, it is necessary to find
conditions under which the Fourier transform 7(¢) is summable on the entire number axis.

2. Asymptotic Equalities for Upper Bounds of Deviations of Poisson Integrals
from Functions of the Class C g’ o i the Uniform Metric

The following statement is true:

Theorem 1. Suppose that v € W, the function g(u) = uy(u) is convex downward on [b, oo), b>1,
and
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/W(u)du < o0. @)
1

Then the following asymptotic equality holds as § — oo :

8 o0

1 1 1

E(C,%/’,oo;Ps) =< s Hfo‘“(x)HC +0 8—2/t1/f(t)dl‘ —i-g/l/f(t)dt , ®)
C fecy | 5

where fo(l) is the (Y, B)-derivative of the function f for y(t) = 1/t and B = 0.

Prior to the proof of Theorem 1, we consider the following lemma:

Lemma 1. Suppose that all conditions of Theorem 1 are satisfied. Then a Fourier transform T(t) of the form
(3) for the function t(u) defined by (4) is summable on the entire number axis, i.e., integral (5) is convergent.

Proof of Lemma 1. We set t(u) = ¢(u) + v(u), where

Y (1) 1
um, 0 <u< g,
pu) = )
G 1
ZC) R
(-emn osusy
V() = (10)
(1—e™ —u)W(Su) u > l
UZC)
and verify that the Fourier transforms
30 = 950 = [ ot0)cos (uz " /3—”) du, (1)
b4 2
0
V() = Dg(t) = ! / v(u) cos (ut + ﬁ_zr) du (12)
b4 2
0

of the functions ¢ and v, respectively, are summable on the entire number axis. Thus, it is necessary to show that
the following integrals are convergent:

o0

a0 = |

—00

@5 (1) |dt, (13)
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B,o00
AW) = / Ds(1)|dt. (14)

First, we prove the convergence of integral (13). According to Theorem 1 in [8], for the convergence of the
integral A(¢) it is necessary and sufficient that the following integrals be convergent:

1/2 %)
/'dewun, /’w-—lud¢%un,
0 1/2

' ! ﬂn
sin —
2

u

oo 1

/Ww@ﬂd% /|w1—u)—¢a+wmd%
u

0 0

In follows from (9) that

5
and
1
Y (6) |d<p'u)} < (28]y'(Su)| + u>y" (Su))du, €M, for u> 5 (15)
Since
1/2 1/2 o0
/MMWN=/MWWNSfMWWN
0 178 178
and
fm—uuwwnf/umww»
1/2 1/3

we obtain an estimate for the integral

o0

[ iy’

1/8

on each of the intervals [1/8,b/8) and [b/§,00) (for § > 2b). Taking (15) into account, we get

b/s§ b/§ b/é

/ 28 / 82 2.1
/ ulde' (u)| < W uly' (Su)|du + 7 6) / u“y” (u)du.

1/8 1/8 1/8
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Integrating both integrals on the right-hand side of the last inequality by parts and taking into account that v (§u) <
w(1) for u € [1/6,b/65), we get

b/8
Ky
ulde’(u)| < :
/ | | 5 (8)
1/8
Further, we show that the following relations are true:
lim uy(u) =0, (16)
u—>00
lim u?y/(u) = 0. 17)
u—>00

Since the function g(u) = uy(u) is convex downward for u > b > 1, the following cases are possible: either
lim g(u) =0,
u—>00
or
ull)rréo glu) =K >0,
or
lim g(u) = cc.
u—>00
Let
ull)n;o gu) =K > 0.
Then there exists 0 < K1 < K such that, for all ¥ > 1, one has g(u) > K; and, hence,

1

v > 2L
u

which contradicts the fact that, according to condition (7), the function ¥ (u) is summable on [I, c0).
Now assume that

im0 = .
i.e., forany M > 0, there exists N > 0 such that g(u) > M forall ¥ > N. Then

X

X N x
/Iﬁ(u)du=/1ﬁ(u)du+/giu)du >K2+/%du=K2+M(lnx—lnN).
1 1 N N

We again arrive at a contradiction with the condition of the summability of the function ¥ (u) on the interval
[1,00). It follows from the results presented above that relation (16) is true.
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We now prove relation (17). The function g’(u) is summable on [1, c0), whence

u
. 12 _
ulglgo / g (x)dx =0.
u/2
Since, the function g(u) is convex downward for u > b > 1, we conclude that the function (—g’(1)) does not

increase for u > b, and, hence,

u

— / g (x)dx > (u - —)(Vf(u) +uy’(u)) = % (uy (u) + u210’(u)) )

u/2

This and relation (16) yield (17).
Taking into account that the function g(u), u > b > 1, is convex downward and using relations (16) and
(17), we obtain

o0 o0

b b b K
[ wiavn= [t = gim vo'o - 30 (3) +0(5) = 57
b/§ b/§
Thus,
Fresl) = el
ulde'(u)| = O (—) and lu—1||d¢'(u)| = O(—) as § — oo. (18)
Sy (6 Sy (6

, v (9) s ¥ (6)

Further, taking into account relation (9) and the inequality

[ vanau <.
1

we get
(el few _ym 1 T (]
0/ / u d”‘8w(8)+8w<8)1/‘”(”)d”‘0(8w(8))‘

Finally, we estimate the integral

1
d
[ 1ot - =g+l <
0

For this purpose, we represent this integral as a sum of two integrals:

1 1-1/8 1
o= g by, (U0 040l [ o0 e+l
u

u u
0 1-1/8

19)
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We estimate the first term on the right-hand side of (19) by adding and subtracting the quantity (—2u) under the
modulus sign in the integrand. As a result, we get

1-1/8 1-1/8
/ =)~ + ], / e —w) —eU v w) =2ul ) o), (20)

u
0 0

It follows from (9) that, for u € [0, 1 — 1/8], we have

¥ (8) AW

l—u= 1_—1ﬂ(8(1—u))¢(1 —u), 1+u= 1——1“8(1 +u))(p(1 + u).
Then
1-1/6
JREEUETI SR
u
0
ra yo) |du yo)  |d
u u
=< 0/ |§0(1—u)|‘1—m‘7+ 0/ |¢(1+u)|‘1—m Y
Since the function ¢(-) satisfies the conditions of Lemma 2 in [8], we have
1/2 (%)
lp)| < |e(0)] + le(D]| + / u|de'(w)| + / lu—1]|d¢’(w)| := H(p).
0 1/2
Thus,
1-1/8
[ le0owoparn -2,
u
0
S wea - -yl T wea £ w) -y @)
—u)) — +u)) —
= d d .
H@®o 0/ ot [ i @D

Taking into account relation (9) and estimates (18) and using (16), we get

(22)

1
H(g) = 0(—8w(8))’
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It was established in [7] that the following estimates hold for functions ¥ € My as § — oo:

1-1/8 1-1/8
W0 =) — Y 6)] WS+ 1) — Y 6)]
du = d
/ wy 61— ) ow. / T

= 0(1);
these estimates are also true for functions ¢ € ic.
Combining relations (20)—(22), we get

1-1/6

/
(1 —10) — (1 + ) I
O/ y du O(SW))

By analogy, one can easily verify that the same estimate holds for the second term on the right-hand side of (19).
Therefore,

1
du 1
/|<p(1—u>—<o(1+u)|7= O(—sw@)’
0

Thus, we have established the convergence of integral (13) in the case where ¢ € I, the function g(u) =
uy (u) is convex downward on [b, oo), b > 1, and condition (7) is satisfied. Let us prove the convergence of
integral (14). To this end, by virtue of Theorem 1 in [8], it is necessary to estimate the integrals

1/2 oo
/ uldv' ). / e — 1]]dv' ()], 23)
0 1/2
o0 1
‘sin’B—n /—WE{”)'du, |”(1_”);”(1+”)|d (24)

where v(u) is the function given by (10), which is defined and continuous for all u > 0.
To estimate the first integral in (23), we divide the segment [0; 1/2] into the two parts [0; 1/8] and [1/5;1/2].
It follows from (10) that

v (u) = —e‘"% for ue [O, é) )

Therefore,
r v (1) r ¥ (D) ) 1
0/ uldv' ()] = T 0 et < & 5 | wdu = 0 (_W (5))' 25)

It also follows from relation (10) and properties of the function v € M that, for u > 1/§, one has

521#”(5%)
¥ (8)

Sly Gl

+ 2V ()| ——— 70)

}—//( )‘

(26)

av/n] < {50 L

v (4)
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where V(1) = 1 — e — u. Using the inequalities

u2

vels=.  e[=w  Pw =1

we rewrite relation (26) in the form

Sy Gu) sG] v (u)
2
we) e e

‘dv/(u)‘ < {u2 }du, v e M. 27)

Using (27), we obtain the following relation for the first integral in (23) on the segment [1/§;1/2]:

1/2 . 1/2 1/2 1/2

- =24 e 2
/ uldv(u)| < 70 8 Y (Su)du + W(S) 8 }1// (8u)‘ du + —— W(S) uy (Su)du.
178 178 175 178

Taking the first integral on the right-hand side of the last inequality, we obtain

1/2 | 1/2 ; 1/2 1/2
w2
1//8 uldv(u)| < W 751& (6 ) + W ] Wf (8u)} du + —— (5)1/8 uy (du)du. (28)

Further, we use the following statements:

Proposition 1 [6, p. 161]. A function € M belongs to W if and only if the quantity

V(1)
AVAGI

satisfies the condition 0 < K1 < «a(t) < Kp Vt > 1.

a(t) = Y1) = y'(t +0),

Proposition 2 [6, p. 175]. A function € IR belongs to My if and only if, for an arbitrary fixed number
¢ > 1, there exists a constant K such that the following inequality holds for all t > 1 :

v
vy =

Using the conditions of Proposition 1, for ¢ € M we get

| 1/2 © 1/2
2 /
W / u-s W (Su)}du < W uy (Su)du.
1/8 1/8

Then, using (28) and taking into account Proposition 2 (which is also true for functions ¥ € M) and the
inequality

)
/mﬂ(u)du > K,
1
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B,00
we obtain
1/2 1/2
K>
d <K d 29
[ vl = kit g2+ (5)/ i (G )u_gzw)/uww 7 9
1/6
Combining (25) and (29), we get
1/2 8
1
/ uldv(u)| = 0O 29 0) /uw(u)du) , 6 — 0. 30)
0 1
Let us estimate the second integral in (23). For the function v(u#) = 1 — e ™ — u, we have |v(u)| < u,
|v (u)| <1, and |_/ ! (u){ = e~ *. Taking this into account and using (26), we obtain the following relation for
§=>2:
o0 o0
[ he=tiavor = [ uiava
1/2 1/2
o0 o0 o0
<] v+ 2 [yl au+ S [y a6y
< — u)du + —— u)| du u u)du.
¥ (9) ¥ (8) ¥ (9)
1/2 1/2 1/2

Let us estimate the first integral on the right-hand side of (31). Since the function v (§u), § > 2, decreases for
u € [1/2, 00|, taking Proposition 2 into account we get

ﬁ / ue “y(Su)du < % ue *du = 0(1). (32)

1/2 1/2

Integrating the third integral on the right-hand side of inequality (31) by parts and using equality (17) and
Propositions 1 and 2, we obtain the following relation for the functions v (§u) € M¢, u > 1/2, § > 2:

82 002// 8 Oo2 /
Su)du = —— dvr’ (6
w(S)/”‘””)” W)/” v

1/2 1/2

5 GG/ 28 [,
= 1 Su Su)ld
= @AY G T o) 96| du

2
< K, +Wi) u |y (8u)| du. (33)

1/2
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It follows from (31)—(33) that

/ lu —1||dv'(u)| < K + 1ﬂ4((f3) U ‘W(Su)‘ du.

1/2 1/2

Integrating the integral on the right-hand side of the last relation again by parts and using relation (16) and Propo-
sition 2, we obtain

/ lu—1||dv' (u)| < K3 + T) / Y (Su)du

1/2 1/2

2 6/2)
=Bt 6 e

/W(Su)du K4+W/W( u)du.

Thus, the following estimate holds as § — co:

/ lu —1||dv'(u)| = O (1 +W/W( u)d u) (34)

1/2

To estimate the first integral in (24), we divide the interval [0;o00) into the following three parts: [0;1/6],
[1/8;1], and [1;00). Taking into account the inequality

u2
e_”fl—u—i-?, u >0, (35)

we obtain

Pl v _va I I
vu

du = et pu) YY) L
f ” u ) J ( 1+e +u 20 / (8%&(8))’

0

1 1 8
v() Y |

1/6 1/68

[l 1 (e ot
1/ ” du = lp(({s)[w((‘)’u)( ” +1) du < W(S)I/V/(Su)du.
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Hence,

00 )
)| 1
/ ” du =0 (821#(8) 1/mﬂ(u)du + — 57 6) /w(u)du) (36)

0

Let us estimate the second integral in (24). By analogy with the proof of relation (58) in [7], we obtain

1 1
/|v(1—u)—v(1+u)|ci—u=/M(l—u)—k(l+u)|ci—u+0(H(v)), 37)
0 0

where A(u) = e ™ 4+ u and

1/2 0o
H<v>=|v<o>|+|v(1>|+fu|dv'(u>|+ / u— 1]]dv ().
0 1/2

Taking into account relations (10), (30), and (34) and the inequality

azw(a)/ uy (uydu = szww)‘w “’/d“ =K,

we get

1
Hv)=0 (m/utﬂu)d + w—((S)/W(u)du) § — oo. (38)

Since
du
/Ik(l—u)—k(1+u)|7 <K, (39)

relations (37)—(39) yield the following estimate as § — oo:

1
du 1
/|v(1 —u)—v(l +u)| = 0 (m / uy(u)du + W / W(u)du) . (40)
0

Thus, according to Theorem 1 in [8], integral (14) is also convergent.
Lemma 1 is proved.
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Proof of Theorem 1. Lemma 1 states that, under the conditions of Theorem 1, the Fourier transform 7(¢) (3)
of the function 7(u#) = ¢(u) + v(u) is summable on the entire number axis. Then, for any function f € C
equality (6) holds at every point x € R.

B,00’

Using the integral representation (6), we represent quantity (1) in the form

400
S(Cé”oo’ )c: sup w(s)/fﬂ‘” (x-i—%)%(z)dt

¥
feCB’Oo —00 c

+o0
= sup [¥(5) / 1y (x + é) @@t) + D(1)) dt

fecy AN c
Using (14), we obtain
+o00
¥ W Iy .
E(CYiPs), = swp V@) / 13 (x+ 3) P(dt| + 0 WE)AW)). A1)
fecy % c

Repeating the arguments of [3], one can easily verify that the Fourier series of the function
+o00
v AP
Jo)= | fg |x+ 5 )e@®adr

—00

has the form

o0
k1
S[f,] = 2=: 370 (ag coskx + by sinkx),

where aj and by are the Fourier coefficients of the function f. Therefore,

+o00

Vo (

—00

where fo(l)(~) is the (Y, B)-derivative of the function f(-) in the Stepanets sense for ¥ (¢) = 1/¢ and B = 0.
Combining (41) and (42), we obtain

E(ChoiPs),. = —f Sgp | 5P|+ ow® ). 5. 3)
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Using inequalities (2.14) and (2.15) from [8] and relations (30), (34), (36), (38), and (40), we obtain the
following estimate for the integral A(v):

1
A(v) =0 m/ulﬁ(u)du —i—W/l//(u)du , § — oo.

This and relation (43) yield (8).
Theorem 1 is proved.

Examples of functions satisfying the conditions of Theorem 1 are functions i € 9t that have the following
form for t > 1:

() = %ln“(t +K), K>0, a<-I; V() = [lrln“(t 1K)

1 1
vi(t) = t—rarctant; Y(t) = t_’(K +e ), r>1, K>0, acR.

In the second part of the present paper, we find a solution of the Kolmogorov—Nikol’skii problem for Poisson
integrals on the classes C /;If oo Of continuous periodic functions in the case where ¥ belongs to Moo.

Theorem 2. If v belongs to M, a function g(u) is convex downward for u € [b,00), b > 1, and

o0

/u%ﬂ(u)du < 00, (44)

1

then the following asymptotic equality holds as § — oo

(o=} [800) o (h)
C

where fo(l) is the (Y, B)-derivative of the function f for y(t) = 1/t and B = 0.

The proof of Theorem 2 is based on the following auxiliary statement:

Lemma 2. Suppose that all conditions of Theorem 2 are satisfied. Then an integral A(t) of the form (5) is
convergent.

Proof of Lemma 2. To establish the convergence of the integral A(t) we represent the function t(-) (4) as
the sum of the functions ¢(-) and v(-) defined by (9) and (10), respectively. We investigate the convergence of
integral (13). To this end, we divide the set (—o0, 00) into the two subsets (—oo, §) U (8, +o0) and [—6, 6].

Let us estimate the integral A(¢) for |¢| > §. To this end, we consider the integral

/(p(u) cos (ut + '8—) du
0
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on each of the intervals [0; 1/8) and [1/§; 00):

1/6

/go(u) cos (ut + —) du = [ / ¢(u) cos (ut + ﬂ%) du. (46)
0 1/6

0

It follows from (9) that

1 1
¢(0) =0, @ (3) = % and  ¢'(0) = ¢’ (% —0) = % for ue [O, é) .

Integrating the first integral on the right-hand side of equality (46) twice by parts and taking into account that
¢"(u) =0, u €]0,1/5), we obtain

1/6
/ @(u) cos (ut + '[%t)du = t;pvfl(;) i ( + ,B_n) + IZ/EI(?)’)( cos (E + ,3771) — cos ’3771) 47
0

By virtue of the convexity of the function g(u) and condition (44), relations (16) and (17) are true. For u > 1/§,

we get
[ ¢(u) cos (ut + 'Bg)du
1/6
¥ (1) pr v(l) | ¢'(1) Br
T e ( "0 ) (w(S) * wa)) "S( " 7)
— tlz [ ""(u) cos (ut + 'B—) du. (48)
1/6

Combining relations (46)—(48), we obtain

/go(u) cos (ut + ﬁ%)du
0

= —% (‘/’(I)COS ,8771 + (1) cos (% + ﬂ;)) _ [iZ / " () cos (ut " ﬂ%)du
/8

1

Thus,

oo

fw(u)cos (ut + %ﬂ)du‘ ) + = / lp” (u)|du. (49)

0 1/8
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Using relation (15) and taking into account that
lim ¥ (u) =0 and lim uy’'(u) =0,
U—>00 Uu—>00
we get

N 5 e 3=y (D)
t_zfl(p (u)|du_—tzw(8)/d¢(8u)+t2w(8)/udw (0u) = 2yG)

1/8 1/8 1/8

Using this relation and (49), we obtain

o0

Br K
/(p(u) cos (ut + T)du < %,
0
whence
/ 7o§0(u) cos (ut + 'B—)du dt < 2K1 (50)
2 Sy (8)’
=8 10

Let us estimate the integral A(p) on the segment [—§, §]. Since condition (44) is satisfied, we have

§| o0

/ /go(u)cos (ut +'87n)du dt

—5 10

lﬂ(l)
<28/|(p(u)|du 51#(5) W(S) / uy (Su)du

1/8

(1) K>
=500 aw(&lf uyedu = 6y

(5D

Using relations (50) and (51), we conclude that the following estimate holds as § — oco:

1
Alp) = O(W)‘

Thus, the transform ¢(¢z) (11) is summable on the entire number axis.

We now establish the convergence of the integral A(v) [see (14)], where »(¢) is the transform (12) of the
function v(:) defined by relation (10). To this end, we divide the set (—oo, 00) into the two parts [—6, 8] and
|t| > & so that
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8| oo 00
A(v) = %/ /v(u) cos (ut + '87) du|dt + ! / /v(u) cos (ul + '37) duldt =1+ 1. (52)
-5 1o |t|>8 0

Let us estimate the integral

1 § | oo
I =— /v(u) cos (ut + 'B—n) duldt.
b4 2
-5 10
We have
§|1/8 8| oo
1 pr 1 pr
I < —/ /v(u)cos ut + — | du|dt + — / /v(u)cos ut + — | du| dt. (53)
T 2 /4 2
2510 25 178

Taking inequality (35) into account, we obtain

1/ ’B § 1/8
— v(u) cos (ut + —) duldt < — [v(u)| dudt
Al ]
28 (1) " v (1)
B R A e M
0

According to the conditions of Lemma 2, we have

/uzw(u)du < 00.
1

Using inequality (35) once again, we obtain the following estimate for the second integral on the right-hand side
of (53):

§| oo § oo [e%9)
1 1 28 )
;/ /v(u)cos (ul+ﬂ7n) du|dt < ;/ / [v(u)|dudt = W / (e +u—1) Y (du)du
-6 [1/8 —51/8 1/8
5T, K

It follows from relations (53)—(55) that

1
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Let us estimate the integral

I, = % / /v(u) cos (ut + ﬁ%) duldt.

[t|=8 10
Integrating twice by parts and taking into account that v(0) = 0 and v’(0) = 0, we get

1/8

/ v(u) cos (ut + ﬂ—) du
0
1/8
= ;v (é) sin (8 'an) + t—zv/ (% — 0) cos (8 '3271) ti / "(u) cos (ut + ’3_) du. (57)

0

Taking into account that
lim v(u) =0 and lim v'(u) =0,
Uu—>00 Uu—>00

which follows from (16) and (17), we obtain

/ v(u) cos (ut + 'B—) du

1/6
1 1 1 1 1 T
t
- —;v(g) sin (E + 'BTN) — t—zv' (5) cos (8 + 'BTJT) 2 / v” (1) cos (ul + 'BTJT) du. (58)
1/6
Combining (57) and (58), we get
o0
pr
v(u)cos | ut + > du
0
1/6 oo

L/ 51#(1) pr 1 i pr
:t—z(g+e 1/‘3—1) W(S) ( + 2)—{—2 /-i—/ v (u)cos(ut—i—T)du.

0 1/8
Using inequality (35), we obtain
00 1/8
/v(u)cos ut + ,3_71 du| < 1 f V' (u)|du + / V' (u)|du | . (59)
2 ~ 12 SW((S)

0 1/6
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Since
v (u) = —e_"% for ue |:O, %) ,
we get
1/8 1/8
1 " _ y@ —u ¥ (1)
—2/ v (u)|du = 29.6) e "du < 2500)° (60)
0 0

For the estimation of the second integral on the right-hand side of (59), we use relations (27), (16), and (17).

As a result, we obtain

1 o i 1 o o 8 o0 /
= / v (u)|du < ) /¢(8u)du—2/udtﬂ(8u)+§ f u?dy’ (8u)
1/8 1/8 1/8 1/8

/W(Su)du— hm mﬂ((gu)—w—/tﬂé )du

l2¢(5)
1/6 1/8
)
E(hm w?y’ (Su) — ) / udy (§u)
1/8
_ 3y v
_z2¢(5) /‘/’(5 R Y
1/8
Since
f\ﬂ(u)du < 00,
1
we have
1 T Y K
= [ Wl < (61)
1/8
It follows from relations (59)—(61) that
i pr K1
/v(u) cos (ut + 7) du| < 250 ()
0
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B,o00
Then the following relation holds as § — co:
1 T 8 1
b4
I, = p / /v(u) cos (ut + 7) duldt = O (m) . (62)
[t|>8 10
Combining relations (52), (56), and (62), we get
A(v) =0 1 8 (63)
V) = — |, — 00.
529 (8)

Lemma 2 is proved.

Proof of Theorem 2. Lemma 2 states that integrals (13) and (14) are summable under the conditions of
Theorem 2. Therefore, using relation (43) and taking estimate (63) into account, we obtain equality (45).
Theorem 2 is proved.

Examples of functions satisfying the conditions of Theorem 2 are functions i € 9t that have the following
form for t > 1:

In“(t + K)

1
o W(t)zt—,(KJre"), r>3, K>0, acR,

Y(t) =

v(i)=t"e K y@) ="t +e)e XY, K>0, a>0, reR.

Assume that a function p(-) is associated with a function ¢ € It by relation (2). Theorem 2 yields the
following corollary:

Corollary 1. If W belongs to WMo, the function g(u) is convex downward for u € [b,00), b > 1, and
lim p(y:1) = oo, (64)
t—>00

then the asymptotic equality (45) holds as § — oo.

Proof. 1t suffices to verify that condition (64) guarantees the convergence of the integral

o0

/uzw(u)du.

1

It follows from relations (12.24) in [6, p. 164] that the following inequality holds for any function ¥ € I:

|:Z’((tt))| <2(ni)—t) Vt=1. (65)
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In view of (65), for any r > 0 one has

"y @) =r" @) =" < T (0)] (h@ - 1) . (66)

According to (64), the value (n(z) —t)/t tends to zero as ¢ — oco. Using relations (66), we conclude that, for any
r > 0, there exists a number to = 7o(r, ¥) such that the function "y (¢) does not increase for ¢ > 9. Then

]ouztp(u)du—/ 41//( )d <K/—<oo
1 1

Thus, all conditions of Theorem 2 are satisfied. Therefore, equality (45) is true.
This work was supported by the Ukrainian State Foundation for Fundamental Research (grant No. 25.1/043).
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