Ukrainian Mathematical Journal, Vol. 61, No. 11, 2009

APPROXIMATION OF (¥, 8)-DIFFERENTIABLE FUNCTIONS
BY POISSON INTEGRALS IN THE UNIFORM METRIC

T. V. Zhyhallo and Yu.I. Kharkevych UDC 517.5

We obtain asymptotic equalities for upper bounds of approximations of functions from the class C ;}// oo
by Poisson integrals in the metric of the space C.

1. Statement of the Problem and Some Historical Information

Let C be the space of 2mw-periodic continuous functions with the norm
I/ llc = max| ()],
let Lo be the space of 2m-periodic, measurable, essentially bounded functions with the norm

[/ lloo = ess sup FAGIP

and let L, be the space of 2m-periodic summable functions with the norm

I llzy = If 1l = / |f(@)]dt.

In 1983, Stepanets proposed a new approach to the classification of periodic functions. This approach is based
on the notion of (¥, B)-derivative (see, e.g., [1-4]). The classes Lg of functions f € L; are introduced as
follows: Let a sequence ¥ = (k) and parameter B be such that the series

> (k) cos (kt + %”) (1)
k=1

is the Fourier series of a certain summable function Wg(z). Then the following equality holds for any f € Lg

and almost all x € R:

fx) = C%O—l-%/(p(x%—t)\l!ﬂ(t)dl,
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where ¢(-) is a certain function from L; and

T

/ p(t)dt = 0.

-

The function ¢ is called the (i, B)-derivative of the function f and is denoted by f; ﬂw.
If fe Lg and, in addition, fﬁw e N, N C Ly, then one says that f € LXER. The subsets of continuous

functions from Lg and LKER are denoted by C ;3/’ and C g’ N, respectively. Further, if 9t coincides with the unit

ball of the space Lo, i.€.,
= {fﬂw € Lo esssup‘fﬂw(t)‘ < 1},
t

then the classes C /_:5// N are denoted by C ‘/’

For ¥(k) = k™", r > 0, the classes C[;p coincide with the classes W‘goo, and fﬂ‘/’(x) = fﬁ(r)(x) is

the Weyl-Nagy (r, B)-derivative [5]. Furthermore, if 8 = r, r € N, then fﬁw is the rth-order derivative of the

function f, and the classes C woo are the well-known Sobolev classes WZ.
Following Stepanets (see, e.g., [4, p. 155]), we denote by I the set of all convex-downward sequences ¥ (k)
for which

lim (k) = 0.
k—o00
If a sequence (k) satisfies the conditions ¥ € )t and
i vk
— k ’

then, by virtue of Theorem 1.7.3 in [3, p. 28], series (1) is the Fourier series of the function Wg (1).

Without loss of generality, we can assume that the sequences (k) from the set It are restrictions of certain
positive, continuous, convex-downward functions 1 (¢) of a continuous argument ¢ > 1 that vanish at infinity to
the set of natural numbers. The set of these functions is also denoted by 9t. Thus, in what follows,

= {08 PO > 0 P (0 =20 (0 +2)/2) + () 2 0 Vir, 12 € 1,00, Jim yi(0) = 0f.

Let M’ denote the set of functions ¥ € IN for which

/@dt < 00.
1

In the set N, we select a subset Ny as follows (see, e.g., [4, p. 160]):

Emoz{weim:0< K‘v’tzl},

! <
nt)—t—
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where
10 =0 = v (50).

¥~ is the function inverse to ¥, and K is a constant that may depend on .
Let f € Ly. The quantity

[e.e]
Ps(fix) = 6%0 + Ze_k/5 (ap coskx + b sinkx), §>0,
k=1

where ag, ay, and by are the Fourier coefficients of the function f, is called the Poisson integral (see, e.g., [6,

p- 161]).
In the present paper, we study the asymptotic behavior of the quantity

£ (Cgf,oo? PS)C =f§§5 1/ =Ps(f:9)] e @
B.oo

as § — oo.
If we determine the explicit form of a function ¢(6) = ¢(9%;6) such that

EMPs)y =9 (@) +o(p(d) as §— oo,

then, following Stepanets [4, p. 198], we say that the Kolmogorov—Nikol’skii problem for the Poisson integral
Ps(f;x) is solved on the class It in the metric of the space X.

Note that the Kolmogorov—Nikol’skii problem for the functions Pgs(f;x) on the Sobolev classes Wolo was
solved by Natanson in [7]. In [8], Timan determined the exact values of the upper bounds of deviations of Poisson
integrals from functions of the class WZ,, r > 0. A solution of the Kolmogorov—Nikol’skii problem on the class
Wé’w, r > 0, B € R, was obtained by Bausov in [9]. In particular, he obtained the following asymptotic
equality for the class Wﬂl,oo :

Iné 1

. B

S ——

& (Wﬂlﬂoo; P‘s)c - ; 2

Approximation properties of the method of approximation by Poisson integrals on other classes of differentiable
functions were studied in [10, 11].

2. Some Estimates for Fourier Integrals

To investigate the asymptotic behavior of (2) as § — oo, it is necessary to establish conditions under which
the Fourier transform

o0

T(t) = 15(t) = %/t(u) cos (uz + %T) du ()
0
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of the function t(:) defined by the relation

(1—e—“)%, 0<u<l.
t(u) = t5(u; ¢) = )
(1—e™) LACL) u > l
U/4C) I

is summable on the entire number axis.
To analyze this problem, we need the statements presented below.

Definition 1 [9, p. 18]. Suppose that a function t(u) is defined on [0,00) and absolutely continuous and
7(00) = 0. One says that the function t(u) belongs to & if the definition of the derivative t’'(u) can be
extended to the points where it does not exist so that the following integrals exist:

1/2 [es)
[u|dr’(u)| and /|u—1||dz/(u)|.
0 1/2

Proposition 1 [9, p. 19]. If t(u) € &1, then

ew)] < H(), ©)
where
1/2 [es)
H(o) = |r(o>|+|r(1)|+[u\dr/<u>!+ e —1]]d7' ()| )
0 1/2

Proposition 2 [4, p. 161]. A function v € M belongs to WMy if and only if the value

wty = O

_ ’ / — o 0). 8
O AR ®)

satisfies the condition a(t) > K >0 Vt > 1.

Proposition 3 [4, p. 175]. A function ¥ € N belongs to My if and only if, for an arbitrary fixed number
¢ > 1, there exists a constant K such that the following inequality holds for all t > 1:

v
v =

In what follows, K and K; denote constants that are, generally speaking, different.
We set My = Mo N M. The following statement is true:
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Lemma 1. Suppose that € Iy, and the function g(u) = uy(u) is convex upward or downward on
[b,0), b > 1. Then, for the function t(-) defined by (5), its Fourier transform of the form (4) is summable on
the entire number axis, i.e., the integral

oo

A(r) = /

—00

t5(t)|dt, 8§ — oo, )

is convergent.

Proof. To verify the convergence of integral (9), according to Theorem 1 in [9] we estimate the integrals

1/2 oo
/u}dr'(u)}, /|u—1|’dr’(u)|, (10)
0 1/2
gr| T lzoo] e =) — (1 + )
. pm T(u T(l—u)—t(l4+u
‘sm— [Tdu [ ” du. (11)
0 0

To estimate the first integral in (10), we divide the segment [0; 1/2] into two parts: [0;1/8] and [1/§;1/2] (for
§ > 2b). Since t”(u) <0 on [0, 1/4], taking into account that

l—e ™ <u, u=>0, (12)
we obtain
1 w(1) 1 1
’ _ 7\ _ 8 —1/8 ) [
O/M‘dr (u)‘— v o) (1 88 e ) O(SZw(S))’ 5 — oo. (13)
Now let u € [1/§;1/2]. We set t(u) = 71(u) + 12(1), where
) =(1—e™—u) I/‘fp(f;)), (14)
_ Y(8u)
u) =u ) (15)
Then
1/2 1/2 1/2
/u|dr/(u)|§ /u|dt{(u)|+/u|drﬁ(u)|, §>2. (16)
1/8 1/8 1/8

Let us estimate the first integral on the right-hand side of (16). To this end, first, we investigate the function

nwu)=1—e*—u. (17)
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It follows from the relations ' (u) = e % — 1, u’(u) = —e ™, w(0) = 0, and &' (0) = O that, for u > 0, we

have
ﬁ(u) E Os ﬁ/(u) S 09 ﬁ//(u) < 0

Taking into account relations (18) and (12) and the fact that

R TR
e =<1—u 7, u-=~u,
we obtain
)| =u—14¢™ < g mw|=1-e™<u, ') =e™ < 1.
Since, for u > 1/8, according to (14) and (17), one has
o = (o P20 o O $00,
taking (19) into account we get
1/2 1/2 1/2 1/2
14 uldti(u)| < W(5) / 82y (Su)du + ml/g u?s ‘1// (8u)| du + —— W(S) uW(Su)du.

Integrating the first integral on the right-hand side of the last inequality by parts, we obtain

1/2 | 12 ; 1/2 1/2
2
1//8 uldti(u)| < W —51# @ ) + W 8 }1// (8u)‘ du + —— W(‘S)l/a uy (Su)du.

Using the conditions of Proposition 2, for ¥ € 9ty we obtain

| 1/2 K 1/2
207
W / u-s W ((Su)‘ du < W uy (du)du.
1/8 1/8

By virtue of Proposition 3, relation (21) yields

1/2 e © 1/2
/ uldt(u)| < Ky + 55— R W;) uy (Su)du.
1/8 1/8

(18)

(19)

(20)

2D

(22)
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We consider the integral on the right-hand side of inequality (22) on the segments [1/5,5/5] and [b/5,1/2],
6 > 2b. Since the function g(u) = uy(u) is bounded on [1, b], we have

b/8

(5)/”1“5 u)du = 8%(8)/“ u)du = 821&(8) 9

1/8

Further, since the function g(u) is convex upward or downward for ¥ > b and g(u) # 0, the following two
cases are possible for u € [b, §]: either uyr(u) < by (b) or uy(u) < 5y (§). Thus,

1/2 5/2
1
o R § — oo.
‘“‘”JSW( i azw(a)/g() —wm/ (a)du = (”w(g)) I

With regard for (23) and (24), we obtain the following relation from (22):

1/2

/u|dr{(u)|:O(l+8wl—(8)), § — oo. (25)

1/68

Let us estimate the second integral on the right-hand side of (16) on the segment [1/6,b/5], & > 2b. It
follows from (15) that

VG | ouyGu) 6

¥ (8) v (4)

Using relation (26) and taking into account that the function ¥ (1) is decreasing and convex downward for u > 1,
we obtain

) (u) = 28

b/§ b/§ o5 b/§
/ ‘drz(u)‘ < W(S) / w? Y’ (Su)du + W u‘l/f (8u)‘du.
1/8 1/68 1/68

Since ¥ (6u) < (1) for u € [1/5,b/8], & > 2b, by virtue of Proposition 2 we obtain the following relation for
a function ¥ € My

b/8 b/é
; , K Ky (-1
—1,,(5)1/8u!:ﬂww}dus—W)l//(s VGudu = =T

Integrating by parts, we get

b/§

K
w?y" (Su)du =

Y (8

1//5 V()

¥ (8)
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Therefore,

b/é

/ K>
[ uldty(u)| < m (27)

1/8

Let us estimate the second integral on the right-hand side of (16) on the segment [b/§,1/2], § > 2b. Since
the function g(u) = uy (u) is convex on [b; 00), we have

1/2 1/2

/u|dr§(u)} - /udtz(u) - ( uth(u) — 2 (u) \},ﬁ‘ — (HW) (28)
b/§ b/§
Using relations (13), (16), (25), (27), and (28), we obtain
1/2
b/u|df'(u)| - 0(1+%) § — oo. 29)

We estimate the second integral in (10). For u € [1/6; 00), according to (5), we have

Y(8)dt' (u) = {(1 —e )82y (Su) + 28y (Su) — e_"W(Su)}du. (30)

Using relation (30) and properties of the function ¢ € I, we get

/|u—1|‘dr’(u)‘§/u|dr’(u)|
72

1/2 1
7 1—e ™) 8%y (Su )du+A Ooue_”|w/(5u)‘du
v (9)
1/2 1/2
! i YU (Su)d 31
+W ¥ (Su)du. (31)
1/2

Since 1 —e™™ <1 for u >0, ue™ < K, and ¥ (6u) < y(§/2) for u € [1/2;00), & > 2, relation (31) yields

§
o0 o0 w(_) o
/ lu—1|d7' (w)| < W uy” (Su)du + %/ v/ (8u)| du + w(g) /ue_”du. (32)

1/2 1/2 1/2 1/2
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By virtue of Proposition 3, we obtain the following relation for the continuous function ¥ (§u) € Mo, u > 1/2,
5 >2:

ol 5/
—_— Su)ldu = —— [ dy(Su) < (33)
a® | [V Olde= g | aven =
1/2 1/2
Further, we show that, for any function ¥ € )i, one has
lim uy’(u) = 0. (34)

Indeed, since the function |y'(u)| is decreasing for u > 1, we get
L tim uly/ol = fim Sy@) = tim (6-2) 1y
— lim u u)| = lim — = lim - =
2 u—>00 §—o00 2 §—00

§ (%)
1
< lim [ |v'(u)|du < — lim Y/ (u)du = lim ¢ (—) =
§—00 §—00 §—00 2

8/2 8/2

Let us estimate the first integral on the right-hand side of (32). Taking into account relations (33) and (34) and
Propositions 2 and 3, we obtain

§ 5 [
"Guydu = —— [ udy'(s
7 | 6o = g [ wav'

1/2 1/2

)

2 (5)

) 5 o0 /
_m hm uy’(Su) + 76 + 1//(8)1//2 W (8u)]du§K1, (35)

Combining relations (32), (33), and (35), we get

/ lu—1]|d7" ()| = O(1). (36)

1/2

To estimate the first integral in (11), we divide the segment [0; c0) into three parts: [0;1/8], [1/§;1], and
[1,00). Using relations (5) and (12), we obtain

1/8 1/8

1/8
) oy iy [ du g
| = vo | U =6 / T 06 Gn

(=
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Using relations (5), (17), and (19) and estimates (23) and (24), we get

1
w ()]
/ w w(é’)/‘“) ws)/ v (Gu)du

1/8 1/8 1/8

b/§ 1

~ 2y(9)
/8 b/s

Hence,

1
T(u) 1
/ = 8w<8> / Y )du +0 (1 * 8w(8))

1/8
Taking into account that the function ¥ (u) decreases for u > 1, we obtain

oo

oor(u) 1 oOW(M) 1 Ooe_” e ™
du — du| = — Y (du)d d .
'1/ ” u W(S)S/ ” u‘ W(S)I/MW(u)uflfu u<K

It follows from relations (37)—(39) that

8
EOPEE V() I
y d“‘sww)lfw(”’d” ws)/ du +0(1+8w(8))

Let us estimate the second integral in (11). Using relation (5), we get

) YD) 1
(1 e—(1- ))w(S) I—g<usl,
1— =
e (1_e—<1—u))M y<l_y
U2C) B §
(1-e0m) % —l<u< %- 1,
1 —
(1 +u) ( . V(6 +u)) 1
1—e M)W’ MZg—l

We represent the second integral in (11) as a sum of two integrals:

1-1/6

/ + / uy(bu)du = O (1 + —81/f1(8)

1 / 1
o=l [y, 0=,

u u

0 1-1/8

u

(38)

(39)

(40)

(4D

(42)

(43)
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First, we estimate the first term on the right-hand side of (43). To this end, we add and subtract the term

e—(l—u) N e—(l-i—u)

under the modulus sign in the integrand. As a result, we get

1-1/6
/ [t(1 —u) — (1 4+ u)|
du
u
0
1-1/6 ‘e_(l_“) — e~ (14w 1=/ ‘T(l —u) — (1 4+ u) + e~ 174 — e=(1+1)
= du + / du. (44)
u u
0 0
For the first integral on the right-hand side of (44), we obtain the obvious estimate
1-1/8 4
/ =1+ =17 ZX = o), (45)
u
0

By virtue of (41) and (42), we obtain the following relations for u € [0, 1 — 1/§]:

(1) _ | ¥ () o~ _ ¥ (8)

“yea—awy T Tyearmy
Then

1_1/5|r(1—u)—r(l+u)+e_(1_”)—€_(1+")
du

0 u

e v |du " v | d
u u
< 0/ }t(l—u)|‘l——w(8(l_u)) 7+ 0/ }r(1+u)|‘1——w(8(1+u» — (46)

Since a function 7(-) of the form (5) belongs to the set £1, Proposition 1 is true. According to this proposition,

o v |du [ v | d
u u
0/ ”“‘”"“ww(l—u» w 0/ ”(”“)“l_wmu» n
T wea—wm—yor . 1 w6 +w) v
—Uu —_ +u _
= H@O / G-y / WGty @7
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We show that, as § — oo,

1-1/8
81— ) — ¥ (8
Igi= / W(u(llp(g(u]))_ u;ﬁ( N, — o). 48)
e 5
Ips = / W(u(w(;(’;)l;g( Naw = o). (49)

where O(1) is a quantity uniformly bounded in §.
Indeed, the function

1=y ©)/y (0 —u)

u

is bounded forall u € [6,1 —1/8], 0 <6 < 1—1/§, and, moreover, with regard for Propositions 2, for ¥ € My
we have

i L= VOO =) _ SO _
u—0 u Y (0)

Thus, 11,5 = O(1), § — oo. Passing to the estimation of the integral I, s, note that

u

1-1/6
1 y(6) -y (0 +u)
12,8 < m 0/ du.

Performing the change of variables v = §(1 + u), we get

26—1 268
1 V(8) — v (v) 1 V(8) — ¥ (v)
B =<5 =1 ) B
§ §

Applying Lemma 5.5 from [3, p.97] to the right-hand side of the last inequality, taking into account that
(2§ — 1) > ¥(28), § > 1, and using Proposition 3, we obtain

_ Kiv®) _Ky© _
yRE =1 = Y -

I s 2.

Combining relations (46)—(49), we get

” du = H(t)O(l), §— oc.
0
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According to (5), (29), and (36), quantities H(t) of the form (7) satisfy the estimate

1
H(r):O(1+—), 5 — oo. (50)
§y(8)
Thus,
1_l/s‘r(l —u) — (1 +u) + e~ 178 — o=+ 1
du =014+ —— 5 . 51
/ 7 v=o(itgg) @ e 6D
0
Comparing (44), (45), and (51), we obtain
e - e 4w
t(l—u)—t(1+u 1
du=0 14+ —]. 52
/ y v=o(1+ 575) 2
0
Let us estimate the second term on the right-hand side of (43). We have
1
/ [t(1—u) —7(1 + u)|du
u
1-1/8
| ‘e_(l_”) — e~ (1w ; ‘T(] —u) — (1 +u) + e~ 178 — p=(1+1)
= / du + O dul. (53)
u u
1-1/8 1-1/8
Using relations (41) and (42), we obtain the following equalities for v € [1 —1/§;1]:
—-w _ VO —(u) _ V(%)
e =1—-—=7(1 —u), e =1—-——7(1 +u).
v (1) Y (8(1 +u))
Using these equalities and Proposition 1, we get
; ‘r(l —u) — (1 +u) + e~ (178 — =(1+w)
/ du
u
1-1/6
\ v ) e \|d
u
- r(l—u)(l——)—t(l—i—u)(l——) du
v (1) Y(l4+u)/| u
1-1/8
f ) =) f G+ )~y )
=H(t)0 / ————du + / du|. (54)
uy (1) uy (§(1 + u))

1-1/8 1-1/8
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Further, we obtain

1
YO -y@ (PO, 1
/ Ty T (1 - w(l))m —is = o0 43

Repeating the arguments used in the derivation of estimate (49), we show that

1
ly@d+uw)—y©)|, N
/ WU G0+ 1) du = 0(l) as § — oo. (56)

1-1/6
Combining (53)—(56) and using relation (50) and the fact that

1 ‘e—(l—m _ o~

du = 0(1),
U
1-1/6
we obtain
1
‘r(l—u)—t(l—i-u)‘ 1
du=0 |14+ —— 8 . 57
/ u v=o(i+5g) oo or
1-1/6
Using equality (43) and estimates (52) and (57), we get
: d 1
/|T(1—u)—f(1+u)|7u:O(1+W), 5 — oo. (58)
0

Thus, by virtue of Theorem 1 in [9], an integral A(7) of the form (9) is convergent.
Lemma 1 is proved.

3. Asymptotic Equalities for Upper Bounds of Deviations of Poisson Integrals

from Functions of the Classes C /;/' o in the Uniform Metric

The following statement is true:

Theorem 1. Let y € M, and let the function g(u) = uy(u) be convex upward or downward on [b, 00),
b > 1. Then the following equality holds as § — 00

|
g (c;”oo, )C — U()A(L.8) + O (3) : (59)

where A(t) is defined by (9) and satisfies the estimate

1//(14) 1
A(z,8) = s1n—‘ 810(8)/1”( u)du (8)/ (1 +W) (60)
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Proof. 1t is shown in Lemma 1 that the Fourier transform of the function t(u) defined by (5) is summable
on the entire number axis, i.e., an integral A(t) of the form (9) is convergent. Repeating the arguments used in [4,
p. 183], we establish that the following equality holds for any function f € C l;” o« atevery point x € R:

+o00
1\ .
1@ =raisin =w) [ (x4 ) o 50 1)
—00
Using (2) and (61) and taking into account that the classes C /;lf oo are invariant under translation of the argument
(see [3, p. 109]), we obtain
+o0
t\ .
£ (c[;’foo; PS)C = s v (8) / 1y (3) 2(t)dr].
feCB,OO N
Hence,
vo) T g
g
E (ng,oo; Pg)c < — / 7(u) cos (ut + 7) du|dt. (62)
—00 0
On the other hand, for any function ¢¢ € L such that
T
/(po(t)dl =0 and esssup |po(t)| < 1,
t
—JT

the class C v

B,00
contains a function f(¢) such that

contains a function f(x) = f(¢g;x) for which fﬁw (x) = @o(x). Therefore, the class C 1/”00

A (1) = si P Tz
fﬂ (r) = mgn[t(u)cos (u& + > )du, t e ( > 2). (63)
0
Further, since
(8) 400 ; [ee) ﬂ
. b
£ (CKOO; Pg)c > 1”7 / 7 (3)/@) cos (ut + 7) dudt), (64)
50 0

using (63) we obtain
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+o0o 0o

%8) / fAﬂw (é) / 7(u) cos (ut + '87”) dudt
A 0
/2
> 8 () / sign T(¢8)T(¢8)dt| — v () / |Ts(t)| dt
—7/2 lt1=(8/2)

400
=y [ a0ldi + )
where y(8) <0 and

y®l =0 |ve) / (65 (0)] dit
[t|>(6m/2)

Combining relations (62), (64), and (65), we get

2 (Cg,,oo; P5>C =Y () A(T) + O | ¥(9) / |Ts ()| dt as 8 — oo.
[t|=(8m/2)

(65)

(66)

Moreover, using inequalities (2.14) and (2.15) of [9, p. 25] and relations (29), (36), (40), and (58) of the present

paper, we obtain equality (60).

Let us estimate the remainder on the right-hand side of (66). To this end, we rewrite the transform 7g(t)

defined by (4) as follows:
1/8 [es)
1
T(t) = — / + / 7(u) cos (ut + ,B_n) du.
b 2
0 1/6

Integrating both integrals in (67) twice by parts and taking into account that t(0) = 0 and

lim t(u) = lim 7/(u) =0,
U—>0 Uu—>00

we obtain

1/68
/ (u) cos (ut + '3771) du = ;r (é) sin (é + ,3771) + tlzt/ (é) cos (é + ﬂ%)
0

1/8

1 Br 1 Br
— t_zr’(O) cos == — 3 / 7" (u) cos (ut + 7) du,
0

(67)

(68)
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/ (u) cos (ut + ﬁ%) du = —%r (é) sin (8 - '3271) ,lzr/ (é) (8 + %T)

1/8
y Br
-] (u) cos (ut + — du. (69)

Combining relations (68) and (69), we get

/r(u) cos (ut + 'BTH) du

0
pr 1L g i g
_ 1 pr_ 1 [ pr _lf " pr
= tzr(O)cos 5 IZ[T (u) cos (ut+ 7 )du el (u) cos | ut + > du.
0 1/8
Hence,
00 1/8 1 00
/r(u)cos (ut+’37n) du| < zzw(S) /+/+/ |t"(w)| du. (70)
0 0o 1/5 1

Let us estimate the integrals on the right-hand side of (70). Taking into account that ”(u) < 0 for u €
[0; 1/8] and using inequality (12), we get

1/8

" " 1/f( ) ot 1/6 1
/ [t"(u)|du = / (u)du = (8) lo)" =0 (W) ) (71)

Taking (5), (14), and (15) into account, we estimate the second integral on the right-hand side of (70):

1 1 1
/ [ )l du < / e )l du + f 2 )\ du. 72)

1/6 1/6 1/6
With regard for (19) and (20), we get

1 1

1
N/
/ |7y (u)|du < W(fg) / —8°y" (Su)du + m us ‘W (8u)| du + —— 76 / v (Su)du. (73)

1/8 1/8
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Integrating the first integral on the right-hand side of the last inequality by parts and taking into account the
conditions of Proposition 2, we obtain the following inequality for the function ¥ (u) € Mg, u > 1:

1

1
’ 20 VX0 ,
200 /u v (8u)du§K+28w(8)+m uhﬁ (8u)|du. (74)
1/6 178
Since
1 . s 1
/ Y (@u)du = < / Y )du < (1) (1 - g) ,
1/6 1

using Proposition 2 we establish that

K>
du < / < . (75)
) / vidnldu = oG5 | e = 5
1/8 1/8
Combining relations (73)—(75), we get
i K K
)|du < K + ——— + —2. (76)
[ e E e
1/8
To estimate the second integral on the right-hand side of inequality (72), we represent it in the form
b/§ 1
/| '(u)|du = / / |75 (w)|du, §>b. 77)
1/8 1/6 b/s
With regard for relation (26), we get
b/ b/s
[ |75 (u)|du < & uy” (Su)du + / [y (8u)| du
T = — —
2 ¥ (8) 1//(5)
1/8 1/8 1/8
by'(b) —y'(1) [ 1
= (Su)du = (—) . (78)
T A V)

Since, according to the conditions of the theorem, the function g(u) = uy (u) is convex on [b;00), using (15)

we obtain the following estimate:

1

1
/|r§’(u)|du= /rﬁ’(u)du =O(ﬁ) as & — oo. (79)

b/é b/s
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It follows from (72) and (76)—(79) that

/ |7 (u)|du = (W) § — o0. (80)

1/6

Consider the integral on the right-hand side of (70) on the interval [1, co0). Using (30), we obtain

oo (e e] oo

/ |7 (u)|du < W(S 1/ (1—e ™) y" (Su)du + W e |y (Su)| du + —— W(fs) e "y (Su)du.

Using the inequalities 1 —e™ <y and e™ <1 for u > 0 and ¥ (6u) < ¥(§) for u > 1, Propositions 2 and
3, and relation (34), we get

/ |7 (w)|du = O(1), § — oo. 81)

Relations (71), (80), and (81) yield

/'f ()ldu = (w(&)

Taking into account the last estimate and inequality (70), we obtain

/r(u) cos (ut + 7) duldt = O (W) , 06— oo. (82)
[t|=6m/2 10

Equality (59) follows from relations (82) and (66).
Theorem 1 is proved.

Note that, for the classes C /;'/' of periodic functions, an analogous theorem was established in [9, p.31] in
the case of

1
Y(u)=—, 0<r<lI1, u>1l.
Mr
Corollary 1. Suppose that the conditions of Theorem [ are satisfied,

. Pm
B2 4o,
sin 2 %+

and

lim «a(t) =

t—>0o0
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where a(t) is defined by (8). Then the following asymptotic equality is true:

E(C}gfoo, ) =%S1 ,3_71

/%M)du +OWE) as §— oo (83)
8

Proof. To verify equality (83), we first note that, for g9 € (0, 1), the function u®°y/(u) increases beginning
with a certain number uy > 1. Indeed,

oy ) = eoqu My (u) — u Y’ )| = uY' ()| (soor(u) — 1).
Since
Jim_ et = o

there exists ug = ug(gg) such that (u®vy(u))’ > 0 for u > ug. Then the following relation holds for any
¢ € (g9, 1) and sufficiently large §:

%(u) 59 ) | B
31#(5) /W( du 81#(8) / du = 5¢(5) = O(). (34)

Since ¥ € My, using the I’'Hospital rule and the fact that

im0 =
we get
Y u)
du
. Jx u T €O
2 5 Rt )
Thus,
Y(d) =o0 @du as & — oo. (86)
)

Combining (84) and (86) with (59) and (60), we obtain (83).

Examples of functions that satisfy the conditions of Corollary 1 are functions of the form

where o > 1 and K > 0.



APPROXIMATION OF (¥, )-DIFFERENTIABLE FUNCTIONS BY POISSON INTEGRALS IN THE UNIFORM METRIC 1777

Corollary 2. Suppose that € My,

T Ly,

sin —
2

the function uy (u) is convex upward or downward on [b,o0), b > 1, and

1, 1Y () = oo (87)
! 8
lim -~ du = co. 88
5r00 51//(5)/‘”(”) U =00 (88)
1
Then the following asymptotic equality is true:
2 Brr|1 p
voop) = 2l BE|L
E(Cﬂ,oo,Ps)C = sin 7 ‘8 [W(u)du—l- O (W) as §— oo. (89)
1

Proof. If the function i satisfies conditions (87) and (88), then, using the 1’Hospital rule, we obtain

Y(u)du
! fim Y™ —/1

N R R O R e e T B
Hence,
Jim_a(x) = 1. (90)

It follows from (85) and (90) that

u

/ V) 4 = 0.y 5)).
§

Using the last estimate and relations (59), (60), (87), and (88), we get (89).

Examples of functions that satisfy the conditions of Corollary 2 are functions of the form

Y(u) = 5ln°‘(u + K),

where K > 0 and o > 0.

Corollary 3. Suppose that v € My,

T o,

sin —
2
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the function uy(u) is convex downward on [b,00), b > 1, and
ull)n;o uy(u) = K < oo,
8
lim / Y (u)du = oo.
§—o00
1
Then the following asymptotic equality is true:

c(fun), -

B,00’

)

)
sinﬂ%‘%/w(u)du—i—O(l) as § — oo.
1

oD

92)

93)

Proof. Taking into account that, under the conditions of Corollary 3, the function uy(u) is decreasing for

u > b > 1, for sufficiently large § (6 > b) we get

1 ootﬂ(u) 1 Oouw(u) Oodu
du = du<s | 2L =0q).
w(a’)! u 4 w(a)gf 2 S S/uz ®

We obtain equality (93) by substituting the last expression into (60) and taking relations (59), (91), and (92) into

account.

Examples of functions for which Corollary 3 is true are functions of the form

Y(u) = é(K +e M) and Y(u) = élna(u + K),

where K >0 and —1 <« <0.
If

1
Yyu)=—, u>1, peR,
u
then relation (93) yields equality (3) (see [9, p.31]). For
1
Yyu)=—, u>1, B=r=1,
ur

relation (93) yields the following asymptotic equality:

21né 1
E(WOIO;PS)C =;n—+0(3) as § — oo.

This estimate for upper bounds of approximations by Poisson integrals on the Sobolev classes WolO was obtained

by Natanson in [7].
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Note that, under the conditions of Corollaries 1-3, equalities (83), (89), and (93) give a solution of the Kolmo-

gorov—Nikol’skii problem for Poisson integrals on the classes C /;'/' o In the uniform metric in the case where the
functions i decrease slowly to zero, i.e., in the case where

10.

11.

1/w(u)du = o0.

This work was supported by the Ukrainian State Foundation for Fundamental Research (grant No. 25.1/043).
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