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APPROXIMATION OF CLASSES OF PERIODIC MULTIVARIABLE FUNCTIONS
BY LINEAR POSITIVE OPERATORS

D. M. Bushev and Yu. I. Kharkevych UDC 517.5

In an N-dimensional space, we consider the approximation of classes of translation-invariant pe-
riodic functions by a linear operator whose kernel is the product of two kernels one of which is
positive. We establish that the least upper bound of this approximation does not exceed the sum
of properly chosen least upper bounds in m- and ((N - m))-dimensional spaces. We also con-
sider the cases where the inequality obtained turns into the equality.

It is known that the determination of least upper bounds for the approximation of classes of periodic func-
tions by linear operators in an N-dimensional space is not always reducible to the calculation of the correspond-
ing quantities in a space of lower dimension. In the present work, we indicate conditions under which this re-
duction is possible.

In what follows, we prove that the least upper bound of the approximation of classes of translation-invariant
periodic functions by a linear operator whose kernel is the product of two kernels one of which is m-dimensional
and positive does not exceed the sum of properly chosen least upper bounds in m- and (N — m)-dimensional
spaces. We establish that the inequality obtained turns into the equality in the case of centrally symmetric
classes of continuous or essentially bounded functions that satisfy an additional condition. The results obtained
yield, as a consequence, Theorem 1 from [1].

We show that the approximation by a linear positive operator with arbitrary kernel depends only on the
one-dimensional components of this kernel, i.e., it coincides with the approximation by a linear positive operator
whose kernel is the product of one-dimensional kernels.

Let C N, LZ , and LIIY be the spaces of functions f(x) = f(x;, ..., xy) thatare 2m-periodic in each of N

variables and are, respectively, continuous, essentially bounded, and summable to the pth power (1 <p < o)
with the norms

Iflley = sup| f(O)|, [1fly = supvrail f(x)],

1/p
1

I = () [ireoras|
Py

where

is an N-dimensional cube.
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Let x" = (x,...,X,,), KN = (s> xy) and x=(,...,xy) denote, respectively, m-, (N—m)-,
and N-dimensional vectors whose coordinates are real numbers. Let E™ and EV™ be the sets of all m- and
(N — m)-dimensional vectors k" =k, ..., k;, ..., k,) and KN = (k415 --- » k) whose coordinates are non-

negative integer numbers, let S(k™) and S&"~™) denote the numbers of the coordinates of k" and k™"
that are equal to zero, let B” and BY™ be the sets of all possible m and (N — m)-dimensional vectors each

coordinate of which is equal to either 0 or 1, let B(k™) and BGcme) denote the subsets of the sets B™ and
N-m

B such that if k;=0, then i;=0, where i" =Gy, ..., i}, ..., i, )€ B(k™), let
m
T o 2
P, Jj=1
where i" = (iy, ..., i ..., i,)€ B(k™), be the Fourier coefficients of the function f(x™), and let

Uh (A fix™) = — [ G ™) AL, O™,
n TCm s n

-m 1 —-m —-m -m
Uppn s f5x) = e [ O 4 A v O,

PN—/n

+ . £
Unm;nN—m (A’ f’ -x)

nLN [ Fa+ DN ™A v (N,
Py

U+ ‘n ;nN—m (A7 f’ x)

nys...

—IN [ ra+ 0T A i) A ey OtV dr,
T . i n
Py i=1

2n
Un it fi) = [ Fs+ 1) K5, O 1)
0

be the linear operators with the kernels

INHOTOIEIEDY 2S(Lm)( Y AL cos(kiti—gli)] > 0,

k" eE™ I"eB(k™) i=1

. N— _ 1 lN—m N li T
AnN_m(%,t " = 2 LT z }\tkN—m H (=1)*cos kiti_zli )

kN—mEEN—mz lN_mEB(kN_m) i=m+1

n;—1
+ > (k(ff)coskti - ui”")sinkti) > 0.
k=1

A-;i M) =

NS R
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The operator U;,n (A; f; x™) can be represented in the form

U;,,Y(A; fix™) = z s(lk’”)( 2 kZm( 2 al’;r[l cos(kjtj _g(if +lj)))).
) =

k"eE™ I"eB(k™ i"eB(k™) J

If f(x)=f(x;) is a function of the single variable x;, then

—1
1 1N
+ . . _ . .
U (A frx) = om0 + WZ (M,-(‘lk,. cosk; x; + by s1nkixi)+uki(aki sink; x; — by, coskl-x,-)),
k=1
where
. 0,...,0,0,0,....0 0,...,0,1,0,...,0
g, = Q4o,...,0,k;,0,...,0° bk,- = 4do,...,0,k;,0,...,0°
(D
_ 10,..,0,0,0,...,0 _40,..,0,1,0,....0
kk,- = A 0.k,0,....00 Mg, = NG00k 0,0
Denote

27
_ 1 " 1 -
Up (A f3x) = 200 (A f3x) = o [ fG + AT, Qs t™ydr = - | G+ 1)K (K1) dry,
B, 0

where
n;—1

+ 2 (lki coskit; — Wy, Sinkiti) 20
k=1

A;i(X; ti) =

N | =

and A, and . are defined by (1).

Let A be a linear operator that maps a set M xN (x N C N, LZ s L’;’ ) onto X N, let the set M be trans-

lation-invariant, i.e., the inclusion f(x)e M implies that f(x +1) € M, and let

G(M’A)XN = ;up ”f_A(f)”xN
eM

be the approximation of the set M by the operator A in the space X N

By M. M,

fixing the variables (x,,,(,...,Xy), (Xq,...,%,), and (X, ..., X;_ 1, X; 11, -.- » Xy), Tespectively.

vom, and M" we denote the subsets of functions from the set M obtained from M by
In what follows, we prove that if the set M is translation-invariant, then

+ +
(M. U o) S G(My. U,

U)o+ Ol o

We also consider the cases where inequality (2) turns into the equality.
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If we fix the variables (xlo eers x?n) = x; or (x,% e xg,) = x(l)v ~™_ then the definition of norms yields
e = supl At o = s [0 ) 5
X0 xévfm
11l = supvrail f(xg, ") o = sup vrail| £ 26" |- “
xg' © xp ™ °
11y < supl| £(x6' x™") | oo 5)
X0
71y = sup [0 567" (©)

Lemma 1. Ifa set M C xN s translation-invariant, then inequality (2) is true.

Proof. We introduce the auxiliary linear operators

Ul (A fix) = o [ G407 A (™,
n'" ;oo T > n

1 _ _ _
Uanm;oo(A; f’ x) = nN—m _[ f(xm’ xN " + tN m)A”me (}\" tN m)dt
Pme

Using the Fubini theorem, the nonnegativity of the kernel A:m (A;t™), and the definition of the operators
U (A fix) and U o, (A; f5x), we get

|10 - v s 50

XN

IN

imj(f(x)—f(xm+rm;xN—’"))A;m(x, OV I S J AT O™
n P, xN T p

m

x| o [ (raem+em Nomy = fe+ D) A o, ot aN ™ Lde”
T n

Py

—m xV

f)=U% (A5 f50)
|-,

XN

+ imjA;m(x,r’")(f(xm+zm,xN‘m)—UnN,m.w(A;f;(xm+zm,xN‘m)))dzm )
T ,

P, xN
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Using inequality (7) and the Minkowski generalized inequality (see, e.g., [2, p. 22], we obtain

G(M, Ut N) < sup H f-UY,
nesn feM

imj O SO 2N U (A (6 2N m))‘det’"]. ®)
P
Inequality (8) and relations (3)—(6) yield
G(M, U:m;n,v_m) < s sup S ) = U (A (2 m))‘x

;L jA+ O, ™)
" 4 "

X sup sup (x(’)” +t(’)",xN_m)— UnN_m_oo(A; fs (x(’)" +t(’)",xN_m)) Ve dr".
feM xg +tf' ’ X

For fixed xN " and xj + 1y, f(x) belongs to the sets M, and My, respectively. Therefore, using

the definition of the operators U;m,w(A; [0, U yow, (A5 f3%), U;:m (A; f;x™), and U nom (A fixNTmy,
we get

IA

G(M. U o) s |-t £:2m)

X7

1
—m JA+m(k ™) sup
f MN m

FOO=U o (A 5287 |, di™

+ G(Myno, U o)

XN—m °

Lemma 1 is proved.

Corollary 1. Ifa set Mc X Nis translation-invariant, then

m
G(M’ U;—l,.,.,nm;anm )XN S 214 G(MXi ’ U’z (7\" M)>X + G(MXN7m ’ Uanm )XN_’” ’
i=

The following theorem is true:



APPROXIMATION OF CLASSES OF PERIODIC MULTIVARIABLE FUNCTIONS BY LINEAR POSITIVE OPERATORS 17

Theorem 1. Suppose that a set M € xN (XN = CN, L{,\:) is translation-invariant and centrally sym-
metric, i.e., the inclusion f(x)e M implies that —f(x) e M. If the inclusions f(x")e M_,, € M and

g(xN_m) € My n-n ©M imply that (f(xm)+ g(xN_m)) € M, then

(MU o) o = G(My U)o+ G(Mynens U)o ©)

Proof. Assume that G(MX,,,,UJr )x’” = oo Or G(MXN_m,UnN_m )XN_m = oo, Since MX'" c M and

nm

MXN_,,, c M, we get

+ + _ +
(M U vn) o 2 (MUl on) = G(My U

XN xme = m )Xm =

or
+
G(M’ U m;nN—m )XN 2 G(MXN—m’ UnN—m )Xme .

Lemma 1 yields relation (9).
Let G(M > U;m )x’” < oo and G(M N-ms Un Nem )X v_m <oo. Then, by the definition of least upper bound,

there exist functions @i(x™) e M,, and o™ e M,y such that

G(M ., U?, )xm = H(pk(xm) — U (A (Pk;xm)\

o
and

G(Mywms Uy ) = 06N = U o (A5 05 2V | v
or there exist sequences of functions {(pk(xm)} € M, and {q)k(xN_’")} € My, k=1,2,3,..., for
which

Uy = U w

and

G(Myrons Uy ) v = i [0 = U (A 045 V) [y (11)

Setting fi(x) = ((pk (x™) + o (xNm )) € M and taking into account that the set M is centrally symmetric

and either X~ = CN or XV = IV, we obtain

‘00 9
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vV

MU von) 2 Jim | )= US (A fi0)

XN

I}grolou O (x™) = Ut (A; @15 x™)| .,

. N-m . . .N-m
+Tim |0 (M) = U, e (A 0 2
which, together with (10), (11), and (2), proves relation (9).

Note that there exists a set M < C" that is translation-invariant, centrally symmetric, and such that the in-
clusions f(x™)e M_, and g(x" ™) e M, y-n do notimply that (f(xm) + g(xN_'")) e M.

Let,e.g., M=Hy; < C 2 be the set of functions f(x,y) that are continuous, 2m-periodic in each vari-
able, and such that 0 (f; f; z) < (¢, z), where

o(fit;z) £ sup [ fx+hy+9)— f(x,y)|e2

|h|<t,|0|<z
and (t, z) is a function of the type of a modulus of continuity. It is known that (see, e.g., [3, p. 124]) that
max{®(, 0);w(0,2)} < o(t,z) < ©(,0) + ®(0, 2).

If o(t,z)#0(,0)+®(0,z), then f(1)€ ©(1,0) € Hy(1.0) = M and g(z) =0(0,z2) € Hg0,2) = M,

but (f(1)+g(2)) ¢ M.

Corollary 2. If a set M is centrally symmetric, translation-invariant, and such that the inclusions

f(x;) € MY M, i=1,m, and g(xN_m) € MXN"" c M imply that (Zlnil f(x;) + g(xN_m)) € M, then

G(M’ U:l,...,nm;nN"” )XN = Z G(MXi ) Uni (A, H)) + G(MXNW , Uanm )XN"'" ,

Xi
i=1
where X" =" or X" = L{,\i.
Corollary 2 is obtained from Corollary 1 by analogy with the proof of Theorem 1.

Let H g(n denote the class of functions f(x)e cV that satisfy the condition

N
| f) = fN)] < Y of(|x - x))

i=1
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and let H 01;’(2) be the class of functions f(x)e C N for which

N
|f+ ) =2f0)+ fa=h] < Y o (|k]).

i=1

Here, (Dgl)(tl-) and mgz)(ti) are arbitrary fixed functions of the type of moduli of continuity of the first order
and the second order, respectively. Since the classes H 01:’(,»), i =1, 2, satisfy the conditions of Corollary 2, we
can obtain, e.g., Theorem 1 in [1] as a consequence of Corollary 2.

Theorem 2. If a set N satisfies the conditions of Corollary 2 and, in addition, the inclusion f(x)e M
implies that (f(x) +C) € M, where C is an arbitrary constant, then

m
G(Mm, U;m;nN_,,,)XN - Z{G(Mx",U,ji(A))Xl + G(Mynos U)o (12)
=

Since the set M ym € xV is translation-invariant, xVN=cV or xV = LZ ,

every function f(x"')e M > We get

and (f(x™)+C)e M,, for

G(Myn U)o = o n—lm Pj SAMA (A, ") di), (13)
x" m

where M;m is the subset of functions of the set M o for which f(0)=£(0,...,0)=0. By virtue of the fact

that the sets M™ satisfy the same conditions as the set M taking into account the definition of the opera-

Xm b
tors U,f[l, (A; £ x;) we get

2
. 1 =
G(M*, Uy (), = sup EJ FEA, (N 1) dr | (14)
feMy' | o
where Mg i is the subset of functions of the set M™ for which f(0)=0.
Using the Fubini theorem, we obtain
1 1 1°F
7?jf(t’")A;m(k, ")di| = o | [E [ (f 1 t,) = £O, 1y 1)) AT (R, tm)dtljdtz...dtm
Pm Pm—l 0

’ PJ‘

m

2
1
(T—C J (£0, 15, 13,0, 1) = (0,0, 13,0, 1,)) AT (A, r’”)drz]dtl dty...dt,,
1 O

21
+..+ j(l jf(o,0,0,...,0,zm)A+m(x,rm)drm]dtl...dtm_l : (15)
T n
P 0

m—1
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If f(t1,...,tn)€ M, then, for fixed (f2,...,tm)s t3yev s bm)s-- s Im, We Obtain (f(t1, 10, e s ty)—
O, 1, .. t)) € MY, (f(O, 12,13, v ty) =f(0,0, 13, ..., 1)) € M, ..., £(0,0,0, ..., t,)e My, respec-
tively. Then, taking into account relation (15), the nonnegativity of the kernel A“;m (X, t™), and the definition of

the operators U:[i (A; f5 x;), we obtain

sup imjf(zm)zvm(x,zm)dr < i sup imjf(z,.)A w (Aot dr

feM®, | T 5 ! iz femi| T p !
m 12n _

=Y sup —J.f(ti)A;i(K,ti)dti. (16)
i=1 femi|" o
Relations (13), (16), and (14) and Theorem 1 yield
m
(M. U pen) S 3 G UL )+ G(Mynens U)o

i=1

The proof of equality (12) is analogous to that of equality (9).
Theorem 2 is proved.

Remark 1. For classes of functions that satisfy the conditions of Theorem 2, the approximation by a linear
positive operator with arbitrary kernel depends on the one-dimensional terms of this kernel. Therefore, accord-
ing to Corollary 2, for such classes of functions the approximation by a positive operator with arbitrary kernel
coincides with the approximation by a positive operator whose kernel is the product of one-dimensional kernels.

By using the statements proved, we can find, e.g., upper bounds or asymptotic equalities for the quantities

G(M , U:m.” me) > provided that upper bounds or asymptotic equalities, respectively, are known for the quan-
; X

‘e + X, .
tities G(MXm,Unm)Xm, G(MXN,,,,,UHN,,,,)XN_M, and G(M ,Uni(A))X, i=1m.
Consider the Fejér operator

2n

1
Filf, m) = — [ fon +0) Ay
0

with the kernel

sin’ (11, /2)

Aj(t) =
1) 2Usin(,/2)’

the Fourier operator

1
Spm(fs X2, %3) = ?H F(xy + 1y, x5 + 13) Dy (t3) D,y (13) dt dity
1)
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with the Dirichlet kernel

sin(k +1/2)r

Pl = = Gn i)

and the operator

1
FiSun(fs x%) = —5 [ G + )AL, (1) dr?
Py

with the kernel

Al () = A(1)D,(1)D,(13),

In,m

which is the product of the Fejér kernel and the Dirichlet kernels. Then Corollary 2 yields

G(Hia),FzSn,m) = G(H;Jasz) + G<Hi(1)’Sn,m)

C3 Cl C2 .

Note that additional information about asymptotic equalities for the quantities G(Hf)(”, Sn,m)

G(H(]D(]) , FZ')C, and the corresponding bibliography can be found in [4].

Bl
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