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COMPLETE ASYMPTOTICS OF THE DEVIATION OF
A CLASS OF DIFFERENTIABLE FUNCTIONS FROM
THE SET OF THEIR HARMONIC POISSON INTEGRALS

K. M. Zhyhallo and Yu. I. Kharkevych UDC 517.5

On a class of differentiable functions W and the class W' of functions conjugate to them, we
obtain a complete asymptotic expansion of the upper bounds € (9, Ap)C of deviations of the

harmonic Poisson integrals of the functions considered.
1. Statement of the Problem and Auxiliary Statements

Let W', re N, be the set of 2r-periodic functions that have absolutely continuous derivatives up to the

(r — 1)th order inclusive and are such that esssup | fr (x)| <1. Let W' denote the class of functions conjugate
xeR

to functions from the class W', i.e.,
= 77 15 t
W= ff(x)i=—— j f(x+0)cotldt, few't.
2n 7 2

For a 2m-periodic function f summable over the period, let A,(f, x) and Zp( f, x) denote the harmonic
Poisson integral and the conjugate harmonic Poisson integral, respectively, i.e.,

Ay(fox) = %J.f(x+t)P(p,t)dt, 0<p<l,

where

l—p2

1
Pp,t) = - ——
P-1) 2 1—2pcost+p2

is the Poisson kernel, and
A(F0) = A4(F.0) = —= | Fr+nQ@p.na, (1)

where
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oo

psint k .
)= ————— = kt 2
tp. 1) 1—2pcost+p2 kz:ip - )

is the conjugate Poisson kernel.
It is known (see, e.g., [1, Chap. 1]) that if f is continuous on R, then, for every x € R, we have

lim A,(fix) = fx).
p—1-
In the present paper, we study the behavior of the quantity

E(N,Ay)c = Jscug)?”f(x)—Ap(f,x)”C

as p —> 1- inthe cases N =W and N= W’ (here, ||f|c= meal>e<|f(x)|).
X

If there exists an explicit function g(p)=g(Ji;p) such that

E(N,A)c = g(p) + o(g(p)) 3)

as p — 1—, then it is said [2] that the Kolmogorov —Nikol’skii problem is solved for a given class J{ and an
approximating aggregate A .
A formal series z g,(p) 1is called a complete asymptotic expansion, or complete asymptotics [3], of a

n=0
function f(p) as p — 1- if, for all n, we have

| g.e1(P)| = o(|g.(P)]) 4)
and, for any natural N,
N
F(P) = Y & +olen(p)), p—I1-. (5)
n=0

We denote this as follows:
)= D 2..
n=0
Natanson [4] obtained the first result of the form (3) for It = w'

E(W'A)c = 20-pmd-p)| + 01 -p). 6)

Timan [5] improved this result (he obtained the second asymptotic term) and generalized it to the classes
W', re N.
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For the classes 9t = W, Sz.-Nagy [6] established the asymptotic equality

BW'. A)c = (1-p) + 0((1-p)%), p—1-. (7)

In equalities (6) and (7), only the first terms of the asymptotics are given with the corresponding constants.
In the present paper, we obtain complete asymptotic expansions (in the above sense) for the quantities

€(W',Ay)c, and €(W', A)c, re N.

Let K, and K, denote the well-known Akhiezer—Krein—Favard constants, i.e.,

n bl

~ 4 & (_ l)m(n+1) - 4 & (_ 1)mn
K = — ———— n=0 KI’L = — Z A i+t
TS Qm+1) T2 2m+1)

First, we establish facts concerning the complete asymptotic expansion of the special functions

1 I
1 1+1¢
9,(p) = JJJ In—-2Lady...at,, (8)
p0 071 Iy 1_tl
L% % arctant
r
vp) = [[-] Ldt,...dt,, ne N, 9)
50 0 hedy
in terms of which the estimates of the quantities € (W', Ay)c and eW’, As)c are expressed.
Lemma 1. For the functions ©,(p), n€ N, the following complete asymptotic expansion is true:
. 1
Pu(p) = Y {062(1 —p)* In——+B(1 - p)"},
k=1 1-p
where, for ke N,
“D* &
o = E . (10)
n _ DM k., ok Sl n
Bi = = Z{@n_i(O)ai +a, ln2+zf; + 57, (11)
° 1= 1=
0, k<n,
Sy = k

k al k—n el ki
Z d +2Ai‘an“, k>n,
=

i-n
i=nt1 2
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[0, i>],
/G -DY, i=1,
al = {a -al7'(-), i<j<n, (12)
alt —al7' (i -2), n+l=i<j,
. -1 j-1,. . L
| - (-n-Da;_| —a; (j—i+n-1), n+l<i<j,
%, n isodd,
nn-1..n-k+1 n
——, n iseven.

n

Proof. First, note that, in a complete asymptotic expansion of the form

oo

o,(p) = 2{&2(1 -p) 1nﬁ+ Bra —p)k}, (13)

k=1

the coefficients o and B} must satisfy the following relations:

. -1 k-l . .
"= lim ————— "1-p) In(1-p) — B"(1-p)’ 14
o p;ng_(l_p)kln(l_p){%(pwg[a]( P In(1-p) — B} (1-p) ]}, (14)

Jj=1

k-1 . .
By =: lim a —1p)k {(pn(p) +op(-p)find-p) + Y [oi(1-p) In(1-p)—p*(1-p)’ ]} (15)

[to verify conditions (4) and (5), one must set g,;_; = OLZ(I—p)k lnﬁ and g, = Br(1- p)k].

Hence, to prove Lemma 1, it suffices to show that the coefficients o and B} determined from (14) and
(15) have the forms (10) and (11), respectively.

Applying the I’Hospital rule %k times to indeterminacies of the type 0/0, for k=1 and n>1 we get

2
j g ar, = o,
1... n—l l—tl

p 1t
ol = fim ——®® oy, -1 jj
pol-(I—p)ln(l—p)  pol- (1+1n(1—p)) o1 4

) ) T 1+1¢
n qim @@~ L L Ldt,...dt, , = 0).
Bl 1m 1m P ! _([ j ] nl tl 1 n—1 (pn— 1 ( )

For k<n-1, taking into account that
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o ()  a R -
d—k = —J. J. J. 1 1_—dt1 dt 1
P P o 0o 0T1. Ny 4
kP 2 ty Lo
p 0 0 0 tl tn_z _tl p 5 tl 1— :
k k .
TR A= ey
pr I=p p\l+p 1-p) p"7\d+p) (-p)
k k—n+1
+ U e g | (16)
A+p*"  1-p)™

where the coefficients a{‘ , 1=1,k, are successively determined from the recurrence relations (12), and

d* k k 51
2pr (=P md=p) = D k!(ln(l—p)+2;), (17)
i=1
we obtain
o =0,
n k
B = oy e

In the case k=n, by using relation (17), we obtain

(xn — 1l>nll_ d (pn(p)/dp - ,
S 1)”n!(ln(1—p)+2 1)
i=1 !

B! = dn(p"(p)+0¢Z(—1)”n!(ln(1—p)+§n: 1))
i=1 1!

1m
(- l)"n!P—”( dp"

Hence, according to (16), we have

n
n __ an

o - ’
"= D"n!

(— (2% (0)a +a (ln2+2 D

D"n izl
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Now consider the case k> n. For this purpose, we use the relations

dk DMtk - -1t
4 f1-pFIn(-p)} = . k>u>0, 18
doF {d-pFin(-p)} 1 pF® u (18)
which follows from (17), and
k=n a!( (_ 1)i+1 ki ) 1 k=n kel ki
lim N (5 )Y o= Y A (19)
p—1- 21 ( p" (1-p) 21

where a[j are satisfy relations (12). To establish (19), it suffices to pass to the limit as p — 1— in the relation

k‘”(a!i,,(— D™ i 1)!) L
P pk—z n (1 p)l
= ay ol - Y [a,],‘_zl! — = Yagtk—n-D!|... pit-n~1
T Ien-1=1 i=1

and take into account that

kel =1 iy -1
2 Z 21 _ (k—l)(k—2)...(k—m)’ m<k—1

=l ip=1  i,=1 m!

By using relations (14), (15), (18), and (19), we obtain the following formulas for the calculation of o

and By for k>n:

and

1 ak p
n o _ . “1
P = Jim - D* k! "!

P ooty 1-1
kP o2 15} k P
N Yoh g a4+ Gt [ 1) LR
P o 0 oh-lho 1-1 pr o -1

k k
+ n +“zt%(11 o ]( oo 12)
p P P +p P pr\d+p” d-p)

k k—n+1 k=1 . k

a( 1 1D ) jk=j=1! k( 1)}

+...+ = + —E J———— 4 qa,|In(l - )+§—_
p” (<1+p>"‘" a-p) g asp e T &
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1 n-l1 ‘ ‘ k 1 k ak ken —
oot el ) 2000
. i=1 i=1

E = i)

Lemma 1 is proved.

Lemma 2. For the functions y,(p), n € N, the following complete asymptotic expansion is true:

4~ g
v.(p) = = > vid-pF,
T =1

where, for ke N,

n _ (_ l)k N 0 bk+ n 20
Ye = e I\I’n—i( )b + 0y ¢ (20)
=
EKn, n iseven, 0, k<n,
4
Wn(o) = Gk - k bk
Ekn, n isodd, Z 2il—n’ k>n,
4 i=n+1
[0, i>j,
DG =D, i=1,
bl = { b -6 G-, i<j<n, 1)
b7 —-b/7 (i -2), n+l=i<j,
| =26 -n-Db/7 b/ (G -2i+2n), n+1<i<j.

Proof. In a complete asymptotic expansion of the form
vu(p) = Y vi-p),
k=1

the coefficients y; must satisfy the following relations:

, 1 $ :
nosl S yia—py 22
Vi =i lim o {wn(p) ;v,( p)} (22)

Hence, to prove Lemma 2, it suffices to show that the coefficients 7y} determined from (22) have the form
(20).
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Applying the I’Hospital rule % times to indeterminacies of the form 0/0 and using the fact that

Pty
dkwn(p) B ij J» J-arctantld dl‘
dpt t "
P PPo o 0h-lna
b0 % arctant  arctan
+ —2j _[ _[ Ldt,..dt, 5 +...+ J ——Ldn
p 0 0 0 tl ..tn72 0 l
k k k k
bn+1 1 bn+2 1 + bk 1

b
+ —Zarctanp + 4+ -
oF oF 11+p2 of 2(1+p2)2

where the coefficients b*, i=1,k, are successively determined from the recurrence relations (21), we obtain

n 1

" _ lim 1 k j)' IJTI arctantld &
Ye = p—>1 - 1) ®)! ) ) l...at,_;

pk 2 2 arctans p* . Rarctans
#2200 ] - j Lay...dt, o +...+ 2L | Ldt,
P o 0 0 h-Tho pT o 4
bk bk 1 bk 1 bk 1
+ 2 arctanr + 2 n+2 + k .

Lemma 2 is proved.

2. Main Results for Classes W"

Theorem 1. If r=21, € N, then the following complete asymptotic expansion is true

EW', 4)c = %Z{ai(l—p)kln%wza—p)k}, (23)
k=1 -r

where the coefficients o, and B are determined from relations (10)—(12).

Proof. Taking into account relations (1) and (2), we obtain
y y 17 1 .t > &
Xx) — ,X) = —— t+ x)y —cot—— sin kt ¢ dt
F) = A, x) n_fnf( >{2 : ;p }

Hence, integrating r times by parts, we get
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_ - 1 F 0 = 1-pk [ (r+1)7€]
- A , = — r+ ——cos| kt + ———— |dt.

F) = A(F. ) n_fﬂf ( x); o .

Therefore,
_ 1 ” _
CW', A)c = — sup J.f(’)(t)F,’p(t)dt :
feW |l—n

where

= o wl-pf (r+Dm
F;,’p(t) = kgik—rCOS(kl'i‘T).

Since fe W' and Fr’p(t) isodd for r =21, I € N, we have
_ -
EW", A))c < E“Fr’p(t)ldt.
0

On the other hand, if sign an(t) = tsignsint, then a function f such that

FO) = sign(F ), tel-mxl,

is continuously and periodically extendable to R and belongs to the class W' [7, pp. 104—106]. Therefore, for
r=21I, l € N, we have

_ 2% =
CW', A = E“F,’p(t)|dt
0
and, hence,

. (24)

a e

W A = 2[|F 0ldi = 2| [ F ywa
0 0

The fact that, for r =21, [ € N, the function fr,p(t) changes its sign on (0,7) [i.e., sign E’p(t) =
+signsint] is established by the following reasoning:

It is clear that, for =2/, [ € N, we have Fr’p(O) = F‘r,p(n) = 0. Therefore, under the assumption that
E’p(t) =0 for some #;e (0, ), by virtue of the Rolle theorem there exist t(()l) € (0,1)) and t(()z) € (ty, m)
such that E:p (t(()l)) = I_*}',p(t(()z)) = 0. Hence,

= I = 2
Fip(ig)) = Fyp(ig?) = 0
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and, consequently, there exists #; € (5, 15) such that E’_l,p (1) =0, ie., F_,,(1;) =0. Therefore, by anal-

ogy with the arguments presented above, we conclude that there exist 7" € (0,7,) and £? e (¢;,m) such

that
T My = 7 @)y =
Fsp(t7) = F3,(n7) =0,
and so on. Repeating this procedure as many times as necessary, we establish that, under the original assump-
tion concerning the function
oo k

I_?Lp(t) = —Zl_kp coskt,
k=1

there exist tl(l)l, ’1(2 € (0, m), ’1(1)1 # tl(a, such that
= 1 = 2
Fl,p(tl(—)l = Fl,p(tl(—i = 0.

However, this contradicts the fact that, according to relations (1.441.2) and (1.448.2) in [8], the function
I_ﬁ p () canbe represented in the form

1 2(1 — cost)

F, @) = =In , te(0,m),
L-p 2 1—2pcost+p2 ( )

and, as can easily be verified, the equation I_*],p (t) =0 has only one root on the interval (0, ).

Thus, by using relation (24), for r =21, [ € N, we obtain

_ 4 & |kl
W, Ae = 2 P

A k+ D)

Hence, taking into account that [5]

2k+1

I-p _
kgo—m“)nﬂ = 0,(p),

where ¢,(p) is the function defined by (8), and using Lemma 1, we obtain the statement of Theorem 1.
Remark 1. For r=1, expansion (23) is a refined version of the asymptotic equality (7).
Theorem 2. If r=21-1, [ € N, then the following complete asymptotic expansion is true:

W', A)e = %

> yia-p)t,
k=1

where the coefficients Y} are determined from relations (20) and (21).
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Proof. According to [6, p. 187], we have

2k+1

EWL e = o Z()( (2k+1)

Let r=2/+1, e N. Then, by analogy with the proof of Theorem 1, one can show that

ff(’)(t)F ot

= — sup
Trew 2

j f“)(r)( NOE F,p( ))dr .

ew’ Ag)c = E sup
few’| 2

Since fe W' and F p(t) isevenfor r=21+1, e N, we have

F. () - F ()‘dt.

On the other hand, if sign(Fr,p(t)—E,p(n/Z)) = *signcost, then a function f such that f(r)(t) =
sign (E’p(t) - I?,,p(n/ 2)), te [-m, m], is continuously and periodically extendable to R and belongs to the

W', A)c < ]E
o

class W' [7, pp- 187—188]. Therefore, for r=21+1, [ € N, we have

and, hence,
= 2% = T
EW A = 2[|F o0 Fof 5 )|ar
0
) 2 _ - w2 _ n
= 2 [ (Bp0-Fg(3)Ja= [ (Bpm=n-Fof3 )
2 w2 _
= 2| J(F o0~ Fpm-0)dr]. (25)
0
The equality sign(fr’p(t) - fhp(n/ 2)) = £signcost is established by the following reasoning:
Under the assumption that F, ,(t) - F, ,(1/2) =0, r=21+1, le N, for some fy€ (0,T), 1p# T/2, by

virtue of the Rolle theorem there exists t(()l) € (0, ) suchthat F r',p(t(()l)) =0, whence

1
F—l,p(t(())) =
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However, this contradicts the fact that sign F,_l’p(t) = xsignsint for r =2/ + 1, [ € N. Consequently,
t=m/2 is a unique solution of the equation f MO fr p(n/ 2) =0 on the segment [0, ®]. Furthermore,
since signF, p(t) = *signsint for r=2/+ 1, [ € N, the function F o = F (m/2) is monotone on
(0,m).

Hence, by using relation (25), for r=2/+1, [ € N, we get

/2 o 2k+1

€W, A = .[ z (2k cos(2k+l)tdt .

Thus, for r=21—-1, [ € N, we have

2k+1
e(W', = =P
Hence, taking into account that [5]
o0 2k+1
Kk 1-p _
kZ(,)(— 1) YR v,(p),

where W, (p) is the function defined by (9), and using Lemma 2, we obtain the statement of Theorem 2.

3. Statement for Classes W~

Theorem 3. The following complete asymptotic expansions are true:

’y {a;(l—p)klnLJrB;(l—p)"}, r=2i-1, eN,
=1 1-r

3 yra-p), r=2I, leN,
T k=1

E(W', Ay =

where the coefficients oy and By are determined from relations (10)—(12), and the coefficients v, are
determined from relations (20) and (21).

Proof. According to relation (7) in [5], we have

(W A) 4% (koD 1-p***! 2
sAple = EIZ'(_) ks (26)

For r=21, Il € N, the right-hand side of equality (26) identically coincides with the function y,.(p), 0 <
p<1 [see (8)]; for r=21-1, [ € N, itidentically coincides with the function @,.(p), 0<p <1 [see (9)].
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The complete asymptotic expansions of these functions are given in Lemmas 1 and 2, respectively. Theorem 3
is proved.

el .

Remark 2. In the case r=1, the statement of Theorem 3 was established in [9].
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