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ON THE APPROXIMATION OF FUNCTIONS OF THE HOLDER CLASS
BY TRIHARMONIC POISSON INTEGRALS

K. M. Zhyhallo and Yu. I. Kharkevych UDC 517.5

We determine the exact value of the upper bound for the deviation of the triharmonic Poisson in-
tegral from functions of the Holder class.

Let L12n and C,,= L3, denote the classes of 2m-periodic integrable and continuous functions, respec-
tively, with the norms

1£l = [lroldx, £l = max| £l

-7

We denote by

A (r,0) = [ Fu+O)P(r, 1t

T

where f()eL,; and

(1-r*)*(1 = rcost)
2n(l —2rcost + 1’2)2 ’

Py(r,t) = 0<r«<l,

the biharmonic function that is called the biharmonic Poisson integral [1, 2].
Correspondingly, by

Ay(r,0) = [ fa+O)R(r, s,

-7

where f()eL,,; and

- r2)3(4 —9rcost + 6r* cos’t — r’ cost)

P(r,t
3(r1) 8m(l — 2rcost + 1*2)3

, 0<r<l,

we denote, according to [3—5], the triharmonic function that is called the triharmonic Poisson integral.
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The set of functions fe L5, p=1, e, satisfying the inequality
| faxthy = f@, < |hl, (1)

is denoted by H }, and is called the Holder class.
The set of functions fe L5, p=1, e, satisfying the inequality

| ft+my=2£@)+ fe =Dy, < 2[h|

is denoted by Hl% and is called the class of quasismooth functions [6].
Let

(2)

&(Hy, A, (r, e))p = sup [4,(r,8)= f®),,

fe Hl‘,’
where p=1,0, v=1,2, and n = 2, 3, denote the upper bound of the deviation of the functions of the class

H[V, from their biharmonic and triharmonic Poisson integrals.
If a function

o(1—r) = ¢(Hy: A, (r,0):(1-1))
such that, as r —»> 1 -0,

&(Hy, A, (r, e))p = o(1—7) + o1 - 1))

is determined in explicit form, then one says that the Kolmogorov—Nikol’skii problem is solved [7] for a given

operator A, (r,0) and a given class H;, p=1,00, v=1,2.
A formal series 2:2 0 ¢, (r) is called an asymptotic expansion of the function f as r — r if, for all n,

we have |(pn +1(r)| = o(|9,(r)|) as r — ry and, furthermore, for any N < oo,

N
f) =Y 0,0 = 0(oy (1), =1
n=0

In 1963, Kaniev [8] proved the following asymptotic equality for the quantity S(Hi, Ay (r, 9)) as r—
1-0:

§(H2, 4y(,0) = 2(1-r) + 5, where ¢, = o(1- 7). 3)
e T '

In 1968, Pych [9] established the asymptotic equality



1014 K. M. ZHYHALLO AND YU. I. KHARKEVYCH

&(HZ, Ay(r.0)) = —(l—r) + O((l—r) 1nL), r—1-0. (4)
e r

Estimates (3) and (4) enable one to determine the first asymptotic constant (the Kolmogorov—Nikol’skii con-
stant) (see [10]) in the approximation of functions of the class Hi by their biharmonic Poisson integrals. It
1 _ 2 _
should be noted that &(H ,, 4(r.0)) = 8(H,, Ay(0)) . p=1, e (see,e.g, [11]).
In [12], an asymptotic expansion was obtained for 8(H11,, Ay (r, 9))p, p =1, e, which enables one to suc-

cessively determine the Kolmogorov—Nikol’skii constants of arbitrary order of smallness.
In the present paper, we establish the exact value of the upper bound of the deviation of the triharmonic

Poisson integral from functions of the Holder class H]l,, p=1,00.
The following statement is true:

Theorem 1. The quantity 8<H11), Ay(r, 9))p defined by equality (2) has the following asymptotic expan-

sionas r—1-0:

1 5 8 1
&(H,, As(r, e))p = _(-n+ E(l—r)z + g(1—r)31nl—

1(1 8 ) Ly ] = (2 i 1 L
+~[ =+°m21- - Z0-rfIn— + vy, a-n* L 5
Tc(18 A2 Ja-n’ - nkg’s{k( D N O
where p=1,c and
2 ) 1 1 1 4 2
In2 + —_— + — + .
e = k[ gﬁ ]] 2k‘2{k—1 k-2 k-3 k—4}

Proof. First, we prove equality (5) for p = oo. For this purpose, we set

1—r?
P(r,t) = ——.
(r.2) 1—2rcost + r*

Since
3(1 - r2)? GB-51-7r%) , (1-r*)? 4
P(r,t) = ——P(r,t) + —————————2P(r,t) + ———P°(r,t
3(r 1) 167 (7 1) 16w (7. 1) 8 (7, 1)
=: P(r,t) + B'(r,0)+ B"'(r,1), ©)

one can easily verify that
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I
| A(rpydr = 1.

—-T

Then, obviously,

A3(r,0) = f(8) = [ {f(t+0) = fO)}R(r,dr.

-7

Since fe H 1, by virtue of relation (1) we obtain

| A3(r,0) —f®)| < [ [t|P(r.0)dr.

-n

It follows from the fact that the function f(x)=|x|, x € [-m, ], belongs to H " and turns the above in-
equality into the equality, we obtain

HY
&(HL, A3(r,0)) = sup max |A3(r,0) —f(©)| = 2[ tP(r, 1. (7)
feH |0|<m 0

Taking into account relation (6) and using (7), we get
T T T
E(HL, A3(,0)) = 2[ tP(r,nydt + 2] 1P, dt + 2] tP"(r,0)dt =2 [(r) + L(r) + L().
0 0 0

To calculate the integral I,(r), we perform integration by parts. For this purpose, we set u=¢ and dv =
dt | (1-2rcost +r*)*. Using formulas 2.554 (3) and 2.553 (3) from [13], we obtain

_ 1 2rsint 2(1+r%) l+r ¢
vV = N ) + 73 arctan Ttan— .
(1-r")"1-2rcost+r 1-r) 1-r 2
Then
Lo = A-r’@-52) _ 1+ 2r sint dt
2 (r) = T 73% ~ 2.2 ,[ )
81 1-r) (I=r")" ¢y 1=2rcost+r

N
- MH arctan 1-i_—rtamz dt |.
1-r") 0 -r 2

Hence,
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2 2\ T 2 2 2
_ A+ r)3-5r) ; 1-r dt_(l—r)(3—5r )ln1+r.

8 0 1—2rcost+r° 4r 1-r

5 (r)

Similarly, by using formulas 2.554 (3) from [13], we obtain

2 2 2 2.2 2 T 2
(1 r)r_3(1+r)(1 r)1n1+r+(l+r) +2r ; 1-r

L(r) = — dt.
3(1) 2 Am 1-r A § 1=2rcost+r’
Taking into account the equalities obtained for I,(r) and I3(r), we get
1
&(HL, As(r,0))_ = L(r) + L(r) + I(r) = E(ll(r) + L(r) + (), (8)
where
(1 —1?) A=rH3B=r*), 1+r
l = - , 1 = - 1 ,
1) 2 2(1) 2 "=
n 2
1-r
L(r)y = | t————dt.
3(1) { 1—2rcost+r>

We expand the function /;(r) in a Taylor series in powers of r— 1. As a result, we obtain

3 1
L) = —A=r) +2(1-r> = =1-r°. 9)
2 2
Since
In(l+7) = In2 — i a-n'
=kt
we have

L(r) = =2In2(—7r) + A-n2)1-r)* + (21112 + %)(1—;03

In2 19) 4 1 2 1 3 1
+(=22 B aopn - 20-PIn— — A= ln— + 2= 1ln—
( 2 24 ( r) ( r) l_r ( r) l_r ( r) 1

Lot Y qa-nk (10)
2 1-r k=5
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where

1 ( 1 1 4 2 )
oy = + —~ + .
FZ k221 T k=2 k=3 k-4

Taking into account the asymptotic expansion as » — 1 — 0 obtained by Shtark in [14, p. 23], we get

L) =23 {1(1—r)’<1n—1 + Bk(l—r)k}, (11
i1 k 1-r
where
k—1~—
1 1 27
= 2oy 2o

Substituting (9)—(11) in (8) and performing identity transformations, we establish equality (5) in the case
p =oo.

In the case p = 1, relation (5) follows from the result obtained by Motornyi in [15], which establishes
exact asymptotic equalities between the upper bounds in the uniform and integral metrics for the deviations of

functions of the class H},, p =1, o, from the operators with positive kernels generated by linear methods of
summation of Fourier series. The theorem is proved.

Corollary. Since S(Hll), As(r, 9))p = 8(H§, As(r, 9))p, p = 1,00 (see, e.g., [11]), the quantity
S(le,, As(r, 9))p can be expanded in the asymptotic series presented on the right-hand side of equality (5).
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