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ON THE APPROXIMATION OF FUNCTIONS OF THE HÖLDER CLASS
BY TRIHARMONIC POISSON INTEGRALS

K. M. Zhyhallo  and  Yu. I. Kharkevych UDC 517.5

We determine the exact value of the upper bound for the deviation of the triharmonic Poisson in-
tegral from functions of the Hölder class. 
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the biharmonic function that is called the biharmonic Poisson integral [1, 2]. 
Correspondingly, by 
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we denote, according to [3 – 5], the triharmonic function that is called the triharmonic Poisson integral. 
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The set of functions  f ∈ Lp
2π ,  p = 1, ∞,  satisfying the inequality 

f x h f x hp( ) ( )+ − ≤ , (1)

is denoted by  Hp
1   and is called the Hölder class. 

The set of functions  f ∈ Lp
2π ,  p = 1, ∞,  satisfying the inequality 

f t h f t f t h hp( ) ( ) ( )+ − + − ≤2 2

is denoted by  Hp
2   and is called the class of quasismooth functions [6]. 

Let 
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where  p = 1, ∞,  ν = 1, 2,  and  n = 2, 3,  denote the upper bound of the deviation of the functions of the class

Hp
ν   from their biharmonic and triharmonic Poisson integrals. 

If a function 

ϕ ϕ θν( ) ; ( , ); ( )1 1− = −( )r H A r rp n

such that, as  r → 1 – 0, 
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is determined in explicit form, then one says that the Kolmogorov – Nikol’skii problem is solved [7] for a given

operator  A rn( , )θ   and a given class  Hp
ν ,  p = 1, ∞,  ν = 1, 2. 

A formal series  
n n r=
∞∑ 0

ϕ ( )   is called an asymptotic expansion of the function  f  as  r → r0  if, for all  n,

we have ϕn r+ 1( )  = o rnϕ ( )( )   as  r → r0  and, furthermore, for any  N < ∞, 
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In 1963, Kaniev [8] proved the following asymptotic equality for the quantity  
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2, ( , )θ   as  r →
1 – 0: 
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In 1968, Pych [9] established the asymptotic equality 
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Estimates (3) and (4) enable one to determine the first asymptotic constant (the Kolmogorov – Nikol’skii con-

stant) (see [10]) in the approximation of functions of the class  H∞
2   by their biharmonic Poisson integrals.  It

should be noted that 
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1
2, ( , )θ( )  = 
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2
2, ( , )θ( ) ,  p = 1, ∞  (see, e.g., [11]). 

In [12], an asymptotic expansion was obtained for  
 
é H A rp p

1
2, ( , )θ( ) ,  p = 1, ∞ ,  which enables one to suc-

cessively determine the Kolmogorov – Nikol’skii constants of arbitrary order of smallness. 
In the present paper, we establish the exact value of the upper bound of the deviation of the triharmonic

Poisson integral from functions of the Hölder class  Hp
1 ,  p = 1, ∞  . 

The following statement is true: 

Theorem 1.  The quantity  
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where  p = 1, ∞  and 
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Proof.  First, we prove equality (5) for  p = ∞.  For this purpose, we set 
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one can easily verify that 
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Taking into account relation (6) and using (7), we get 
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To calculate the integral  I r2( ),  we perform integration by parts.  For this purpose, we set  u = t  and  d  v =
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Taking into account the equalities obtained for  I r2( )  and  I r3( ),  we get  
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We expand the function  l r1( )  in a Taylor series in powers of  r – 1.  As a result, we obtain 
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Taking into account the asymptotic expansion as  r → 1 – 0  obtained by Shtark in [14, p. 23], we get 
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Substituting (9) – (11) in (8) and performing identity transformations, we establish equality (5) in the case

p = ∞.

In the case  p = 1,  relation (5) follows from the result obtained by Motornyi in [15], which establishes
exact asymptotic equalities between the upper bounds in the uniform and integral metrics for the deviations of

functions of the class  Hp
1 ,  p = 1, ∞,  from the operators with positive kernels generated by linear methods of

summation of Fourier series.  The theorem is proved. 

Corollary.  Since  
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2
3, ( , ) , ( , )θ θ( ) = ( ) ,  p  = 1, ∞   (see, e.g., [11]), the quantity
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REFERENCES

1. A. N. Tikhonov and A. A. Samarskii,  Equations of Mathematical Physics [in Russian], Nauka, Moscow (1977). 

2. V. A. Petrov,  “Biharmonic Poisson integral,”  Lit. Mat. Sb., 7, No. 1, 137–142 (1967). 

3. J. Edenhofer,  “Eine Integral darstellung der Losung der Dirichletschen Aufgabe bei der Polypotentialgleichung im Falle einer
Hyperkugel,”  Math. Nachr., 69, 149–162 (1975). 

4. L. Gonzales, E. Keller, and G. Wildenhain,  “Über das Randverhalten des Poisson-Integrals des polyharmonischen Gleichung,”
Math. Nachr., 95, 157–164 (1980). 

5. S. B. Gembars’ka,  “Existence of functions triharmonic in a disk that do not have tangential limits at any point,” in: Fourier

Series and Their Applications [in Ukrainian], Institute of Mathematics, Ukrainian Academy of Sciences (1988), pp. 92–100. 

6. A. F. Timan,  “On quasismooth functions,”  Izv. Akad. Nauk SSSR, Ser. Mat., 15, No. 3, 243–254 (1951). 

7. A. I. Stepanets,  Classification and Approximation of Periodic Functions [in Russian], Naukova Dumka, Kiev (1987). 

8. S. Kaniev,  “On the deviation of functions biharmonic in a disk from their limit values,”  Dokl. Akad. Nauk SSSR, 153, No. 5,

995–998 (1963). 

9. P. Pych,  “On a biharmonic function in unit disk,”  Ann. Pol. Math., 20, No. 3, 203–213 (1968). 

10. A. Erdélyi,  Asymptotic Expansions, Dover, New York (1956). 

11. P. L. Butzer and R. J. Nessel,  Fourier Analysis and Approximation. 1. One-Dimensional Theory, Basel–New York (1971). 



1018 K. M. ZHYHALLO  AND  YU. I. KHARKEVYCH

12. K. M. Zhyhallo and Yu. I. Kharkevych,  “On the approximation of functions of the Hölder class by biharmonic Poisson integrals,”
Ukr. Mat. Zh., 52, No. 7, 971–974 (2000). 

13. I. S. Gradshtein and I. M. Ryzhik,  Tables of Integrals, Sums, Series, and Products [in Russian], Fizmatgiz, Moscow (1963). 

14. É. L. Shtark,  “Complete asymptotic expansion for the upper bound of the deviation of functions of  Lip 1  from their Abel –
Poisson singular integral,”  Mat. Zametki, 13, No. 1, 21–28 (1973). 

15. V. P. Motornyi,  “Approximation of periodic functions by trigonometric polynomials in the mean,”  Mat. Zametki, 16, No. 1,

15–26 (1974). 


