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BRIEF COMMUNICATIONS

ON THE APPROXIMATION OF FUNCTIONS OF THE HOLDER CLASS
BY BIHARMONIC POISSON INTEGRALS

K. M. Zhigallo and Yu. L. Kharkevych UDC 517.5

We determine the exact value of the upper bound of the deviation of biharmonic Poisson integrals from
functions of the Holder class.

Let lén denote the class of 27-periodic integrable functions with the norm

7l = Jlreoldx

andlet C,; = L5 be the class of 2m-periodic continuous functions with the norm
1/l = max| ).
The set of functions fe L5, p=1, e, satisfying the inequality

| fCe+m) =], < | 7] (D

is denoted by H [l, and is called the Holder class.
The set of functions fe L5, p =1, co, satisfying the inequality

||f(t+h)—2f(t)+f(t—h)||p < 2|h|

is denoted by Hf, and is called the class of quasismooth functions [1].
Consider the biharmonic Poisson integral

Ay(r.0) = [ ft+0)P(r nydt,

-
where

(1-r*)*(1-rcost)
2n(1-2rcost+r2 )’

B0 =

is the biharmonic Poisson kernel [2, 3].
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Let

%(H;j,r)p = f;ugv\\Az(r,e)—f(e)\\p, p=1,00, v=1,2, 2)
€H,

denote the upper bound of the deviations of functions of the class HIV7 from their biharmonic Poisson integrals.
If a function @(1-r) = (Hy: Ay(r,0);(1-r)) such that

%(H;,r)p = o(1-r) + o(e(1-7r))

as r — (1-0) is explicitly determined, then one says [4] that the Kolmogorov—Nikol’skii problem is solved for the
operator A,(r,0) and class HY, p=1,0, v=1,2.

In 1963, Kaniev [5] established the following asymptotic equality for %(Hi r) as r— (1-0):

GH2r) = 20-n+ 2 e =o(i-r).
e T T

3)
In 1968, Pych [6] established the following asymptotic equality:

GH2, 1) = 20-n) + 0((1-r)21n
o T

1 ) F—1-0. @)
1-r

Estimates (3) and (4) enable one to establish the first asymptotic constant (the Kolmogorov—Nikol’skii con-
stant) [7] for the approximation of functions from the class H? by their biharmonic Poisson integrals.

In the present paper, we determine the exact value of the upper bound of the deviations of biharmonic Poisson
integrals from the functions of the Holder class H ! p=1,co.

The following statement is true:

Theorem 1. The quantity %(H},, r)p defined by equality (2) can be represented in the form of the following
asymptotic series as r — 1-0:

1 2In2+1 2, 2%
+ ———A-r"+ =
1-r T ( ) z

€ty r), = 20-n + 20-p’mn nk:3{llc(l_r)klnl—1r + yk(l—r)k}, 5)

where p=1,c and

1

1 1 2 1
= m2+- -y 2| - :
Y k[ k ,Zi j] (k - 2)(k — )2~

Proof. First, we prove equality (5) for p = eo.
Since

Y
[ Be.nar =1,

-7
we have



ON THE APPROXIMATIONS OF FUNCTIONS OF THE HOLDER CLASS BY BIHARMONIC POISSON INTEGRALS 1115
T
Ay(r,0) = f8) = [ {f(t+6)= fO}B(, 1.
—T
Hence, by using (1), we obtain the estimate

|4, (r,8)-f(8)] < j |¢| Py (r, 1)t

-7

Since the class H., contains a function equal to | 7| on the segment [—m, m] for which the last inequality turns

into the equality, according to (2) we get

E(HL.r)_ j |¢t|Py(r, D)t = 2_[tP2(r t)dt. 6)

-

By using formulas 2.554(1) and 2.556 from [8], one can easily show that

- 3 )
- r—r’)sint _
1 - rcost Sdi = 12 ( ) 2+J 1-r i
(1—2rcost+r2) (1—r2) | 1-2rcost+r 1—2rcost+r
1| (r —r¥)sint (1 t)
= + 2arctan| — tan
(A=r?)*[1-2rcost+r? I-r 2
Applying this equality to integral (6) and integrating by parts, we get
T . n
%(Holo,r) S ) J. rsinf ydt — g_[arctan(li tant)dt
* T gy l-2rcost+r Ty 1- 2
27 .
:_l—r _[ rsint 1J-t 1-72 _dr, o
T 01—2rcost+r 1-2rcost + r*

It is known that, for 0 <r < 1, the following identities are true:

2 oo . oo
1-r rsint .
——— =1+ 22 rkcoskt, — 5 = Zrksmkt.
1-2rcost+r =l 1-2rcost+r -

Applying these identities to (7), we obtain

oo

)& T 1,2 T
+ —Zrkjtcosktdt - ;rz rkJ. sin kt dt
0

%(Holo,r) =
~ Ti=1 o T ol

SRR

B i oo er—l B 2(1_r2)i r2k—1 _ ﬂ TLZ_ ) r2k+1 B 2(1_r2)i r2k—1 . (8)
& (2k-1)° T A2-1  =w| 8 [AhQk+1)? T A2k-1

(SRR
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Further, we use the relation

and the results of [9], according to which we get

g NP LI 1 0.1
g Y 2;{ 1-n* n1+Bk<—r)} re (0,1),
where
1 I "12—/]
= ~|In2+--— : 9)
O

for natural k. If r satisfies the indicated conditions, relation (8) turns into the asymptotic equality

€(H.r)_ = 2[(1112 +DA—r) + (1— r)ln%
° T —-r

(1-r* 1  In2 AT N
+ In—— + 2=~ 1 - 1+n)In(l +
2 nl—r ( g 2 nl—r 2( i+ )
2% )1 ko 1 k
+ =3 = in—— + Bi-nFL 10
ng}{k( P in— + Bi( r)} (10)

To simplify the expression in square brackets in equality (10), we expand the function g(r)=(1+ r)In(1 + r)
in a Taylor series in powers of (r—1). As aresult, we obtain

2

2|:(1—r)1n2 _ L
T

k+1
]n(l+r)] {(1 r?(1+1n2) - zk((llc 321( 1]

Then

2 2
%(Holo,r) = 2[(1—V)+(1—r)1n11 +(1—r) In 1 1-r In 1
> T

—-r 2 1-r 2 I-r
k+1 oo
# zk(k—1)2k 1} iZ‘{ a-o lnl—lr+B"(l_r)k}' (11)

Performing identity transformations, we get

2 =) k+1 2 o k
1—r 2 (1-r) — = (1-rh 1 _(1—r) In 1 + (1-7r) _—
2 i k(k-1)2 1-r 2 l-r ZSk-Dk-2)2
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Taking into account relation (9) for the determination of the coefficients B, for k>3 and using (11), we obtain
equality (5).

The proof of equality (5) for p =1 follows from the known exact asymptotic equalities (established by Mo-
tornyi in [10]) between the upper bounds for the deviations of functions of the class Hll from their biharmonic
Poisson integrals in the metric || f ||1 and the corresponding upper bounds for the deviations of functions of the

class H. inthe metric || f||... The theorem is proved.

. 1 _ 2 _ . 2 .
Corollary 1. Since [11] %(Hp, r)p = %(Hp, r)p, p =1, o, the quantity C(g(Hp, r)p can be represented in
the form of the series on the right-hand side of equality (5).

Corollary 2. If all conditions of Theorem 1 are satisfied, then the following asymptotic equalities hold as
r— 1-0:

EH2.r)_ = EHL.r) = %(14) + 0((1—r)2 1n11), (12)

-r
#(H2r) = F(HLr), = 2a-n + 20-0Int 4+ o(a-n?) a3
*? " o <7 oo Bis T 1-r '

The asymptotic equalities (5) enable one to successively determine the Kolmogorov—Nikol’skii constants with
any degree of accuracy. The asymptotic equality (12) is an improved version of equality (3) obtained by Kanieyv,
and the asymptotic equality (13) is an improved version of equality (4) obtained by Pych. It should be noted that, in

the case of approximation of functions from the Holder class HIL, p =1, o, by Abel-Poisson singular integrals, a

similar theorem that enables one to determine the Kolmogorov—Nikol’skii constants with any degree of accuracy
was proved in [9].
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